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Introduction

The Universe is homogeneous and isotropic on large scales

(cosmological principle). Observations of CMB show temperature
fluctuations of order £ ~ 10~°. Density perturbations L0 <1074,

. . . P
This suggests that our 3-dim space is one of the three spaces of
constant curvature:

» Positive curvature — 3-sphere S3.
» Zero curvature — Euclidean space R3.

» Negative curvature — hyperbolic 3-space.
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Metric

The Friedmann—Lematitre—Robertson—Walker metric is

d 2
ds? = 2dt? — a(t)? (1 _rm2 + r*(d6® +sin* 6 dg02)>
or in the conformal time n
dr?

1—kr

ds?® = a(n)? (dn2 — 5 — r*(d6? +sin®0 d902)>

with the signature (4, —, —, —).
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Christoffel symbols

Nonzero Christoffel symbols are

rOZ/ - 1/0 = _5# r;w - _ngu
and spatial components
-5 or__, (1—/<ar2) M, =—r (1—m2) sin® 6
11 22 o 33 )

1— kr?’

1 1
M2, =r3 = - M2, = 5sin 26,

1
I'3—|'31—7, r3—r2:cot9.
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Sectional curvature

The sectional curvature K,, is defined as

(R(u, v)v, u)

(u, u){v,v) — (u,v)?’

where R is the Riemann curvature tensor. For FLRW, the sectional
/!

: a

curvature in the planes 0-1, 0-2, 0-3 equals ——.
c’a

kc? + a”

c232

Ku/\v -

In spatial planes 1-2, 1-3, 2-3 it equals
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Ricci tensor and scalar curvature

The Ricci tensor is
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Einstein equations

The Einstein equations are obtained by varying the action

1 / 4
_Z/R | det(g,.)|d"x + Sm,

where S, is the matter action. They are

1
R. — ERg“” =xT,.

The left-hand side is the Einstein tensor G, .
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With the cosmological constant A, these equations become

1
R — ERg’W =T, + Ngu,

where 3¢ = 228 = 1.8659218 - 102° m kg is Einstein's gravitational
constant. The stress-energy tensor is

(Tf)u,yzo,..ﬂ - D|3g(;07 _P7 _Pa _P)a

where p is the energy density and P is the pressure. The conservation
law V, T/ = 0 gives

/

p'+3%(p+ P) =0.
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Friedmann equations

Assuming an equation of state of a perfect fluid P = (v — 1)p with

1<~y<4/3, we get

()
Po do '

The Friedmann equations are

{Gg:2§+6232_%p+/\

Gi=Gi=G}=5+35+2% =—3P+A

232

which are equivalent to
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Density parameters

3H2 _ 3HZ
»c? — 87mGy

The critical density is p. = . We define

P Ac? o
Om=2L" Qr=rc and Q.=——o .
p M T3 H 22

Then the Friedmann equation becomes

/ 2
<as> = H? = HG (U + Q0+ D).

and hence Qq,,, + Qa + Qo = 1.
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Solution

The cosmic time as a function of the scale factor

1 /a da
t=— .
Ho Jo a\/Qom (a/a0)=3" + Qa + Qox(a0/a)?

For a flat universe (k = 0)

t arsinh

2
B 3’)/Ho\/ Q/\

_ 2 H Qn 2
At present, ty = —37,1,()\/Q—Aarsmh1 [0, = 37H0\/Q—Aartanh\/(2,\.
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Accelerating expansion
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Figure 1: Cosmic time t in Gyr
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Luminosity distance

: o : L
For a source with luminosity £, the observed flux is F = yyrl
T
L
where d; is the luminosity distance. In an expanding Universe,

B L
A1+ 2)233r?

Thus d; = (1 + z)apr. Using the comoving coordinate y defined by
dy? = 1f—;2r2, we have r = sin, x, where

siny, k=1,
singx =4 X, k=0,
sinhy, k= —L1.

The comoving distance is

_i/z dz
X" % o HE)
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Hence

d = (1+z)ﬁmsinn (\/W/O%) 7
H(z)

where E(z) = o For £ = 0 the limit is taken. The distance

0
modulus is ;1 = 5log;(d./10 pc).
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Figure 2: The Hubble diagram.

http://cdsarc.u-strasbg.fr/ftp/J/A+A /568 /A22/
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V.R. Krym (St Petersburg State University)

Regression analysis

This is still an introductory part.

To check my algorithm | repeated M. Betoule calculations using
Wolfram Mathematica. The 2 function used to estimate
cosmological parameters:

2 Z (Mi - /L(diheor(zh H07 QOITH QA? ’7)))2

2 )
i i

where o; are the uncertainties. More generally, with the covariance
matrix C published in [6, 7]:

Z Aﬂl A,UJ
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Figure 3: The classical result.
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Figure 4: Confidence contours at 68% and 95% in the (2, Q) plane.
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Problems of Modern Cosmology

» Matter is assumed to be created from “pure energy”. However,
particles are born in particle—antiparticle pairs. Why does matter
dominate while antimatter is practically nonexistent? This
constitutes a violation of the baryon number conservation law.

» Too much energy is required to produce particles in pairs first
and then preserve only AM.

» Unknown factors:

P> The nature of dark matter and dark energy.

» The cause of discrepancies in measuring the Hubble constant,
Ho = 67.4...73 ks,

» The cause of anomalies in the CMB.

P> The cause of anomalies in the large-scale structure.

P> The cause of the emergence of “early galaxies”.
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Generalized Metric
Let us consider the space M* x SU(2) where the FRW metric on M*

is as usual

dr?

1—kr?

ds?ey = c2dt® — a(t)? ( + r*(d6® +sin* 0 dg02)) :

and the bi-invariant metric on SU(2) is
dsz = b(t)? (d€® + sin® £ dy)® + sin® £ sin® 4 d(?)

where a(t) and b(t) are the scale factors of the four-dimensional
space and the internal space, respectively. The total metric is

ds? = dsZpyy + ds2.
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The stress-energy tensor

Tg: Diag(p,—P,—P7—P,O',O',O'),

where p is the mass density, P is the pressure, and o is the density
associated with the extra dimensions. From the Einstein equations,

we obtain the generalized Friedmann equations [2]:

3k 34  9ab 32

a2 | 232 ' c2ab | c2p2
k& 25 6ab 3b 3p?
R e I T T
3k 342 33 6ab 2b  B?
a2 232 ' 23 ' c2ab | c2b | c2p?
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Matter density

The consistency condition from the Bianchi identity yields

. b
p+3§(p+P)+3E(p—a):0.

Assuming perfect-fluid equations of state P = (v — 1)p and
o = (1 —~1)p, we obtain

() ®)
Po ao bo '

In what follows, we take v = 1 (dust-like matter).
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Dark energy

If b= by = const, equation (1) reduces to

@ +1 K
a2 3" B a?

Comparing with the standard ACDM Friedmann equation,

&2 o n A K
c2a? 3/) 3 a3’
we obtain
3 3
AN=—= by =1/ —.
B’ 0 A

Thus, the cosmological constant is naturally determined by the
stabilized scale factor of the extra dimensions. The dark energy
density parameter is

Ac? c?
:_QZT:]-_Qm_Qn
3Hs  Hsb;
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Figure 5: Scale factors a(t), b(t) and their derivatives for Q, = 0.1.
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Figure 6: Scale factors a(t), b(t) and their derivatives for and Q,, = =0.1.
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Evolution asymptotic

1. Positive curvature (2, > 0): The function b(t) decreases
monotonically and asymptotically approaches by. The derivative
b reaches zero at finite time t;, where the solution must be
glued to the special solution b = by. This corresponds to the
ACDM phase with accelerated expansion.

2. Flat Universe (Q,, = 0): The function b(t) first decreases,
then increases. The derivative changes sign without singularities,
but the expansion of a(t) is not accelerated. This case is not
cosmologically interesting.

3. Negative curvature (€2, < 0): The function b(t) decreases
monotonically and asymptotically approaches by as t — oo. The
expansion is accelerated in the current epoch.

V.R. Krym (St Petersburg State University) Cosmology, AMCM-2026 17 August 2026 28 /40



Confidence contours
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Figure 7: Left: Confidence contours at 68% and 95% in the parameter
space (Q2m, Qa) for v1 = 0.3. Right: Isolines of the age of the Universe ty
for v1 = 0.25.
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Quasiperiodic time manifold

It is generally accepted that if the time is a coordinate on a compact
manifold, then it is cyclic and there is the problem of closed timelike
curves.

However, the time coordinate can also be defined as a coordinate on
the universal covering space of a compact manifold G.

This eliminates closed timelike curves without changing the metric.
Hence the spacetime of general relativity can be taken as

G x R3

with the covering space R} (the Minkowski spacetime) [3].
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Implications of the quasiperiodic time

» The compact direction in time is unobservable because it is of
Planck scale.

» The universal cover removes periodic identification, so no closed
timelike curves exist.

v

The metric remains locally Minkowskian.

» This construction is analogous to the Kaluza—Klein
compactification but applied to the time dimension.

» It provides a topological justification for the usual 4D spacetime
while allowing compact extra dimensions without time-like
pathologies.
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Deshdeep Sahdev, 1984

Perfect-fluid higher-dimensional cosmologies.

A range of solutions to Einstein's equations in 1 + d + D dimensions
is presented for a perfect-fluid Zeldovich stiff matter. The extended
dimensions (D) are a space of constant curvature. Solutions for D
dimensions are collapsing and for d dimensions are expanding on a
Planck time scale. It is explained how the higher-dimensional universe
passes into a (1 + d)-dimensional Friedmann—Robertson-Walker
phase. The modifications in the thermal history of the universe are
traced. It is found that this altered scenario offers a resolution to the
horizon problem. [5]
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Zeldovich's Hypothesis

Ultrarelativistic Gas
In an ultrarelativistic gas, particles move chaotically in all directions.
Averaging over these spatial directions yields a pressure coefficient of

1/3:
p=z¢

Yakov Zeldovich questioned what would happen if the baryon density
in the early Universe became so extreme that particles continuously
interacted via massive vector fields.
» In such an extreme medium, all particles move in the same
direction.
» As a result, pressure rises to its absolute theoretical limit,
becoming equal to the energy density: p = ¢
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Summary

With Sahdev's notations | study the case with d = 3 and D = 3.
This extended spacetime can collapse as described by Sahdev
however there is a wide range of initial conditions where the evolution
before stabilization takes several Gyears. The Riemannian curvature
of extra dimensions contributes to the scalar curvature of the total
manifold, naturally generating the cosmological constant A = 3/b2,
where by is the stabilized scale factor of the internal space. The
generalized Friedmann equations are reduced to a form suitable for
numerical integration and solved.
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Comparison with the Kaluza—Klein theory

The Kaluza—Klein theory assumes that our spacetime is

M* x U(1) & M* x S! hence we have just one extra dimension.
Since it is cyclic, the electric charge is quantized [4]. To use the
Riemannian curvature we should use an internal space with dimension
D > 2. Elementary particle physics gives M* x U(1) x SU(2) x ...
with some 4-dim nonholonomic distribution (a field of subspaces of
the tangent bundle). The modern Kaluza—Klein cosmology deals with

this extended spacetime however there are no explicit solutions
published.
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