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Abstract. For an autonomous, real Hamiltonian system with two degrees of
freedom in a generic setting, normal form (NF) theory and power-geometry
techniques are employed to analyze bifurcations of periodic solutions associ-
ated with various groups of discrete linear automorphisms of the phase space.
A Hamiltonian normal form is constructed in a neighborhood of a given pe-
riodic solution and, by means of an additional canonical transformation, is
further reduced to an autonomous Hamiltonian system with a single degree
of freedom and a single small parameter (the reduced normal form). The equi-
librium points of this reduced normal form correspond to families of periodic
orbits of the original system, and the resulting bifurcation scenarios depend
crucially on the symmetry properties of the initial Hamiltonian system.

1. Introduction
The Poincaré approach for studying a non-integrable system of ODEs is based
on finding a certain “skeleton” in the phase space around which the hierarchical
structure of invariant manifolds of various dimensions is formed. Many problems
in Celestial Mechanics can be reduced to Hamiltonian systems whose canonical
equations admit a discrete group of symplectomorphisms. Each additional sym-
metry gives rise to new properties of the phase flow, which are closely related to
bifurcations of periodic solutions of the equations of motion. This work is a con-
tinuation of [1], where considered only bifurcation scenarios of periodic solution to
a generic time-independent Hamiltonian system with 2 degrees of freedom (DOF).

Consider a real Hamiltonian system with 2DOF and an analytic Hamilton-
ian γ(ξ1, ξ2, η1, η2) defined in a domain C. Suppose that the system has a periodic
solution M ⊂ C with period T = T (M), and consider a sufficiently small neigh-
borhood U ⊂ C of M. Then there exist analytic functions ξ, η, r, and ψ in U such
that

1) the trajectory M is defined by the equalities ξ = 0, η = 0, r = 0;
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2) the function ψ is cyclic (angular) modulo 2π;
3) the neighborhood U is a skew product of a 3-dimensional ball and the

cycle ψ ∈ [0, 2π];
4) the coordinates ξ, η and ψ, r are canonically conjugate.

The Hamiltonian γ is 2π-periodic in ψ in the neighborhood U and can be expanded
into the convergent Taylor series

γ =
∑︂

γpqℓ(ψ) ξ
pηqrℓ,

where p, q, ℓ ∈ N0. In these coordinates, γ defines the Hamiltonian system

ξ̇ =
∂γ

∂η
, η̇ = −∂γ

∂ξ
, ṙ =

∂γ

∂ψ
, ψ̇ = −∂γ

∂r
. (1)

By applying standard complex and nonlinear transformations [2], the Hamil-
tonian γ is reduced to the complex normal form

h(ũ, ṽ, r̃, φ̃) = h̃20 + h̃01 +
∑︂

h̃pqℓmũ
pṽq r̃ℓeimφ̃, (2)

where the main diagonal of the matrix JG contains its eigenvalues ν and −ν, with
ν = exp(2πλ). The Hamiltonian (2) is called a complex normal form (NF) if:

1) its quadratic part h̃20 + h̃01 is in NF;
2) the expansion (2) contains only resonant terms satisfying so called resonant

equation
(p− q)λ+ im = 0. (3)

Theorem 1 ([3]). The canonical transformation

ũ = u exp(−i Imλφ), ṽ = v exp(i Imλφ), r̃ = ρ− i Imλuv, φ̃ = φ, (4)

reduces the NF of the Hamiltonian (2) to a constant power series

h(u, v, ρ) =
∑︂

hpqℓmu
pvqρℓ, (p− q)Reλ = 0, (p− q) Imλ = −m, (5)

where p, q, ℓ,m are integers, p, q, ℓ ⩾ 0. Here hpqℓm = h̃pqℓm if p + q ⩾ 3, the

quadratic terms have the form h20+h01 =
2π

T

(︃
1

2
⟨w, Gw⟩ − ρ

)︃
, where the matrix

JG = JG − i ImΛ with the diagonal matrix Λ = diag(ν,−ν) and there are no
linear terms in w = (u, v).

Thus, we obtain an autonomous 1DOF Hamiltonian system u̇ = hv, v̇ =
−hu with an additional equation φ̇ = −hρ and an additional small parameter
ρ = const. We call (5) the reduced normal form (RNF). It allows us to study the
bifurcations of families of periodic solutions of the system (1) in a neighborhood
of the resonant periodic solution, because each periodic solution M to system (1)
corresponds to a stationary point (SP) of the RNF Hamilton system.

For that to each germ of family of periodic solutions of the truncated system
we make transformations:

• reverse to (4) and
• reverse to the standard transformation for given λ [2, S. 1.4].
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Hypothesis 1. If result of these transformations is a real germ, then corresponding
family of periodic solutions is real.

2. Classes of Symmetries
A periodic solution M has a monodromy matrix N with characteristic polyno-
mial χ(ν) = (ν − 1)2

(︁
ν2 − 2Sν + 1

)︁
, where S is the stability index. The solution

is linearly stable if |S| ⩽ 1, with S = Re exp(2πλ), ν3,4 = exp(±2πλ). If the argu-
ment of the non-trivial multipliers ν3,4 is commensurable with π, then, according
to Poincaré [4, Ch. XXX], additional periodic solutions may bifurcate near the
generating solution. Their period T ′ is a multiple of the original period T .

In this case, the resonant equation (3) becomes

(p− q)r+ sm = 0, λ =
r

s
, |r| < s, r ∈ Z, s ∈ N. (6)

Let F (s)
k (u, v) denote a homogeneous resonant form of degree k in the canon-

ical variables (u, v):

F
(s)
k (u, v)

def
=

∑︂
p+q=k

apqu
pvq, apq = const, (7)

and p, q satisfy (6). Accordingly, the RNF can be represented as

h(u, v, ρ) =

∞∑︂
ℓ=0

ρℓ
∞∑︂
k=1

F
(s)
k (u, v), (8)

where triple indices apqℓ are used to distinguish the coefficients corresponding to
different powers of ρ.

We consider finite groups of linear canonical automorphisms of the two-
dimensional phase space that preserve the homogeneity of the forms (7) and the
integral character of their monomial exponents. Such transformations change the
signs of u and v, interchange the variables, or combine these operations. The full
group of these transformations is the dihedral group D4 of order 8,

D4 = ⟨r, s | r4 = s2 = e, srs = r−1⟩,
with generators e = ( 1 0

0 1 ), s =
(︁
1 0
0 −1

)︁
, r =

(︁
0 −1
1 0

)︁
.

A linear map A is called a Hamiltonian symmetry if H ◦ A = H and A
are symplectic. A linear map κ is called a reversing symmetry, or reversor, if
H ◦ κ = H and κ is anti-symplectic. In the latter case, κ ◦ Φt = Φ−t ◦ κ. For
a homogeneous form, invariance under a subgroup G ⊂ D4 always means literal
invariance F (s)

k ◦A = F
(s)
k for all A ∈ G including anti-symplectic elements.

The subgroups of D4 relevant to classification are the trivial subgroup {e};
five cyclic subgroups of order 2: ⟨r2⟩, ⟨s⟩, ⟨rs⟩, ⟨r2s⟩, ⟨r3s⟩; the cyclic subgroup of
order 4: C4 = ⟨r⟩; the two Klein four subgroups V ax

4 = ⟨r2, s⟩, V diag
4 = ⟨r2, rs⟩; and

the full group D4. The elements of C4 are symplectic, whereas the four reflections
are anti-symplectic.
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Definition 1. Let Sym(z) ⊂ D4 be the isotropy subgroup of a solution z. The
solution is called asymmetric if Sym(z) = {e}, singly symmetric if Sym(z) is
cyclic, and doubly symmetric if Sym(z) requires two generators.

Thus, singly symmetric solutions correspond to the cyclic subgroups of orders
2 or 4, while doubly symmetric solutions correspond to V ax

4 , V diag
4 , or D4. The

symmetry subgroup imposes algebraic restrictions on the coefficients apqℓ; conse-
quently, some coefficients may vanish and the admissible RNF terms, and hence the
possible bifurcation scenarios of periodic solutions, become symmetry-dependent.
For ρ = 0, the degrees of F (s)

k begin with k = 3 for the prime elementary divisors
of the matrix M and with k = 2 otherwise.

3. Results
Here we give some results of the computations for singly and doubly symmetric
cases for s = 1, 2, whereas a generic case with a trivial group of symplectomor-
phisms was described in [1]. The scheme of computation presented in [1] is slightly
modified here and is mainly based on the power geometry technique applied rather
to Hamiltonain then to its canonical system. Briefly, the main steps of the com-
putations are the following: getting the support S of the RNF H, calculating its
convex hull Γ, selecting the facets Γ

(2)
j with negative normal vectors Nj and ob-

taining the corresponding truncated Hamiltonians Ĥj . Solutions to the truncated
system Ŝj

def
=

{︂
∂Ĥj/∂u = ∂Ĥj/∂v = 0

}︂
provide the germs of periodic solution.

After that only those germs should be selected that give real periodic solutions.
In the following, we consider only the Klein four subgroup V ax with axial

symmetries s, r2s and central symmetry r2. The case of axial symmetry with
generator r2s is the same as the case with generator s. For cases s = 1, 2 we
should distinguish sub cases for the presence and absence of the Jordan block
(JB).

For s = 1 with JB we consider single axial symmetry (AS), central symmetry
(CS) and double symmetry (DS).

Symmetry AS. There is the only normal vector N1 = −(2, 3, 4), correspond-
ing truncated Hamiltonian is Ĥ1 = 1

2σv
2 + a300u

3 + a101ρu, and truncated system
Ŝ1 =

{︁
σv = 0,−3u2a300 − ρa101 = 0

}︁
. The family of SP solutions takes the form{︁

u = ±
√
βρ, v = 0

}︁
, where β depends on the NF coefficients. Here we have a

saddle-node bifurcation.
Symmetries CS and DS give us the only normal vector N1 = −(1, 2, 2),

truncated Hamiltonian Ĥ1 = 1
2σv

2 + a201u
2ρ + a400u

4 and truncated system
Ŝ1 =

{︁
σv = 0,−4a400u

3 − 2a201ρu = 0
}︁
. Here we have the same asymptotic form

of SP solutions and the same saddle-node bifurcation.
For s = 1 without JB we get the following.
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Symmetry AS gives two normal vectors N1 = −(1, 1, 2) and N2 = −(2, 1, 2).
The corresponding Hamiltonians are the following: Ĥ1 = a101uρ+a120uv

2+a300u
3

and Ĥ2 = a101uρ+ a021v
2ρ+ a120uv

2 + a040v
4. The first system Ŝ1 = {2uva120 =

0,−3u2a300−v2a120−ρa101 = 0} has only symmetrical solution {u = ±
√
β1ρ, v =

0}, whereas the second system Ŝ2 = {4v3a040 +2ρva021 +2uva120 = 0,−v2a120 −
ρa101 = 0} has the solutions of the form

{︁
u = β1ρ, v = ±

√
β2ρ

}︁
, which are asym-

metrical. So here we have a pitch-fork or symmetric break bifurcation. Along the
first solution the Hamiltonian value changes monotonically and along the second
one the Hamiltonian has an extrema.

Conclusion. In the case of JB the symmetry of periodic solution does not
change while crossing the bifurcation point. The birth of asymmetrical periodic
solution appears in the case of JB absence and monotonical changes of the Hamil-
tonian value.

For s = 2 with JB we consider only the case with single axial symmetry, be-
cause the monodromy matrix N in the cases of central and double symmetries
is the full square matrix, hence it cannot have a JB with negative eigenvalue. So
the truncated Hamiltonian corresponding to the normal vector N1 = −(1, 1, 2)

is Ĥ1 = 1
2σv

2 + a201u
2ρ + a400u

4, and we get 2 solutions: a trivial one {u =
v = 0} corresponding to the original periodic solution and a symmetrical one:{︁
u = ±

√
βρ, v = 0

}︁
. This solution gives us a family of solutions with double pe-

riod, i.e. here period doubling bifurcation takes place.
For s = 2 without JB we consider a doubly symmetrical situation. Convex

hull gives us the only normal vector N1 = −(1, 1, 2) and to it the truncated Hamil-
tonian Ĥ1 = (a021v

2+a201u
2)ρ+a040v

4+a220u
2v2+a400u

4 is corresponding. The
truncated system

Ŝ1 =
{︁
2a220u

2v + 4a040v
3 + 2ρva021 = 0,−4a400u

3 − 2a220uv
2 − 2ρua201 = 0

}︁
has 4 series of solutions. The first solution Sol1 : {u = v = 0} corresponds to the
original periodic solution. The second Sol2 :

{︁
u = ±

√
β2ρ, v = 0

}︁
and the third

Sol3 :
{︁
u = 0, v = ±

√
β3ρ

}︁
correspond to new families of doubly periodic solu-

tions with single symmetry each. Along each of the new families the Hamiltonian
Ĥ1 reaches its extremum. There are possible 2 different scenarios depending on
whether the extrema have the same types (both minima or maxima) or different
types (one is minimum and another is maximum or vice versa). In scenario 1 one
new family consists of stable solutions and the other consists of unstable ones. In
scenario 2 both two new families consist of unstable solutions. Finally, the fourth
solution of the form Sol4 :

{︁
u = ±

√
β4ρ, v = ±

√
β5ρ

}︁
does not correspond to real

periodic solutions.

All the scenarios of periodic solution bifurcations described above were stud-
ied numerically in the Hill 3-body problem by M. Hénon [5, 6] and the second
author [7, 8].
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