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Spatial-kinematic modeling. I

Spatial-kinematic modeling (SKM) of our Galaxy, the Milky Way, is
an analysis of kinematics that allows the kinematic parameters of
the centroid of Galactic objects or diffuse matter to depend on the
spatial position of the centroid.
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Spatial-kinematic modeling. II

In addition to the research issues, spatial-kinematic modeling makes
it possible to directly determine a number of fundamental (universal
and non-universal) characteristics:

the distance from the Sun to the center of the Galaxy R0;

the rotation curve θ(R), where θ is the linear velocity of
rotation;

the angular and linear velocities of rotation on the solar circle
θ0 ≡ θ(R0) and ω0 ≡ ω(R0), respectively;

parameters of the residual motion of the Sun,
(u⊙, v⊙, w⊙) = V⊙;

the angular and linear velocities of the Sun’s rotation around
the center of the Galaxy, θ⊙ and ω⊙, respectively;

other derived characteristics (e.g., the circular linear velocity of
the Galaxy at R0, θc).
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Spatial-kinematic modeling. III

The very possibility to solve such problems arises due to the
allocation of some kind of subsystem of the Galaxy. The allocation
of various subsystems is based on the astrophysical nature of
objects/matter, which. . .

determines the very possibility of obtaining for each object the
observational data necessary for conducting spatial and
kinematic modeling —

coordinates, i.e., Galactic longitude l and latitude b;
velocity characteristics, i.e., heliocentric velocity Vr, proper
motion in longitude µl and latitude µb (directly µα, µδ);
heliocentric distance r;

gives reason to expect that the selected subsystem is
homogeneous in terms of spatial and kinematic properties.
Otherwise, we will get «the average temperature in the
hospital», which does not represent any of the subsystems.
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Model. I
Assuming a cylindrical model of rotation of centroids of objects
around the center of the Galaxy, the model values of the velocity
components of the object with coordinates l, b and r are as follows.

Vr,mod = Vr,rot + Vr,⊙ ,

Vr,rot = [ω(R)− ω0]R0 sin l cos b, (1)
Vr,⊙ = −u⊙ cos l cos b− v⊙ sin l cos b− w⊙ sin b;

kµ′
l,mod = kµ′

l,rot + kµ′
l,⊙ ,

kµ′
l,rot = [ω(R)− ω0]

(
R0 cos l

r
− cos b

)
− ω0 cos b,

kµ′
l,⊙ = (u⊙ sin l − v⊙ cos l)/r;

(2)

kµb,mod = kµb,rot + kµb,⊙ ,

kµb,rot = −[ω(R)− ω0]
R0

r
sin l sin b,

kµb,⊙ = (u⊙ cos l sin b+ v⊙ sin l sin b− w⊙ cos b)/r;

(3)
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Model. II

µ′
l ≡

dl

dt
cos b = µl cos b, µl ≡

dl

dt
; µb ≡

db

dt
;

k = 4.7406 is the coefficient of conversion mu [mas/yr] in mu
[km/s/kpc] for r [kpc];

R(r) =
√

R2
0 + r2 cos2 b− 2R0r cos l cos b; (4)

u⊙, v⊙, w⊙ are the components of the residual velocity of the Sun,
i.e., the components of the Sun’s motion relative to the Subsystem
Standard of Rest in the directions (l, b) = (0◦, 0◦),
(l, b) = (90◦, 0◦), and b = 90◦, respectively.
In the case of a planar subsystem, the linear rotation velocity of the
centroids θ = ωR can be considered a function that depends only
on the Galactoaxial distance R: θ = θ(R).
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Model. III

Since the rotation curves of the outer galaxies are flat over a large
range of radii, we use a model in the form of a Taylor polynomial to
represent precisely θ(R) [and not ω(R)]:

Θn(R) =

n∑
i=0

θi
i!
(∆R)i, n ≥ 1, θi ≡

diθ

dRi

∣∣∣∣
R=R0

, (5)

∆R ≡ R−R0.

(ω − ω0) =

(
θ

R
− ω0

)
≈

≈
[
θ0 + θ1∆R+

1

2
θ2 (∆R)2 + . . . +

1

n!
θn (∆R)n − ω0R

]
R−1,

(6)
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Model. IV

θ0 − ω0R = ω0R0 − ω0R = −ω0∆R,

(ω − ω0) ≈

[
(θ1 − ω0)∆R+

n∑
i=2

θi
i!
(∆R)i

]
R−1. (7)

Let’s introduce the Oort constant:

A ≡ −1

2
R0ω

′(R0) = −1

2
R0

d(θ/R)

dR

∣∣∣∣
R=R0

= −1

2
(θ1 − ω0). (8)

Then

(ω − ω0) ≈

(
−2A∆R+

n∑
i=2

θi
i!
(∆R)i

)
R−1. (9)

θ1 = −2A+ ω0. (10)
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Vr,mod = Vr,rot + Vr,⊙ ,

Vr,rot = Tn(∆R)
R0

R
sin l cos b,

Vr,⊙ = −u⊙ cos l cos b− v⊙ sin l cos b− w⊙ sin b;

(11)

kµ′
l,mod = kµ′

l,rot + kµ′
l,⊙ ,

kµ′
l,rot = Tn(∆R)

(
R0 cos l

r
− cos b

)
R−1 − ω0 cos b,

kµ′
l,⊙ = (u⊙ sin l − v⊙ cos l)/r;

(12)

kµb,mod = kµb,rot + kµb,⊙ ,

kµb,rot = Tn(∆R)
R0

Rr
sin l sin b,

kµb,⊙ = (u⊙ cos l sin b+ v⊙ sin l sin b− w⊙ cos b)/r;

(13)

Tn(∆R) ≡ −2A∆R+

n∑
i=2

θi
i!
(∆R)i, ∆R ≡ R−R0, (14)

R(r,R0) =
√

R2
0 + r2 cos2 b− 2R0r cos l cos b.
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Conventional fitting: The least squares method. I

1D fitting:

min

N∑
j=1

{
[Vr,j − Vr,mod]

2

(σVr)
2
j

}
, (15)

N is the sample size.

3D fitting:

min

N∑
j=1

{
[Vr,j − Vr,mod]

2

(σVr)
2
j

+
[µ′

l,j − µ′
l,mod]

2

(σµ′
l
)2j

+
[µb,j − µb,mod]

2

(σµb
)2j

}
.

(16)

But Vr,mod = Vr,mod(r), µ′
l,mod = µ′

l,mod(r), µb,mod = µb,mod(r)
=⇒ Optimizations (15) and (16) are tasks with internal noise
=⇒ Systematic bias of the results.
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Conventional fitting: The least squares method. II
This problem became especially relevant after the appearance of
mass joint determinations of proper motions and trigonometric
parallaxes—e.g., catalogs of maser sources (Reid et al. 2019; VERA
Collaboration, Hirota et al. 2020), the Gaia catalog (Gaia
Collaboration, Vallenari et al. 2023)
Distant characteristic.

Distance modulus (relative, i.e., photometric, distances):
d = m−M , r [kpc] = 100.2d−2.
Trigonometric parallax (absolute distances):
r [kpc] = 1/ϖ [mas].

A common problem of spatial-kinematic modeling:
reference objects must be distant →
random errors of reference distances are also large:

σr =
ln 10

5
σd r, σr = σϖ r2, rcrit =

ln 10

5

σd [mag]
σϖ [mas]

. (17)
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4D fitting. I
The method was proposed in N.+ (2024), N. (2025).
Let the distances r be determined by the trigonometric parallax
method: r = 1/ϖ, where ϖ — the measured parallax value with
the average measurement error σϖ. Then the likelihood function is
the product of four probability densities for Vr, µ′

l, µb, and ϖ:

L =

N∏
j=1

1√
2π(σVr )j

exp

{
[Vr,j − Vr,mod(ϖ0,j)]

2

2(σVr )
2
j

}
×

× 1√
2π(σµ′

l
)j

exp

{
[µ′

l,j − µ′
l,mod(ϖ0,j)]

2

2(σµ′
l
)2j

}
×

× 1√
2π(σµb)j

exp

{
[µb,j − µb,mod(ϖ0,j)]

2

2(σµb)
2
j

}
1√

2πσϖ,j

exp

{
(ϖj −ϖ0,j)

2

2σ2
ϖ,j

}
,

(18)

where Vr,j , µ′
l,j , µb,j and ϖj are the catalog (measured) values of

Vr, µ′
l, µb and ϖ for the j-th object;

ϖ0,j is the reduced parallax value of the j-th object;
Π0,j ∼ N(ϖj , σ

2
ϖ,j).
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4D fitting. II

L ≡ − lnL = L(0) + L(1)(a),

L(0) = 4N ln
√
2π +

N∑
j=1

[lnσϖ,j ] = const,

L(1)(a) =

N∑
j=1

{
ln[σVr (ϖ0,j)]j + ln[σµ′

l
(ϖ0,j)]j + ln[σµb

(ϖ0,j)]j

}
+

+
1

2

N∑
j=1

min
ϖ0,j

{
[Vr,j − Vr,mod(ϖ0,j)]

2

[σVr (ϖ0,j)]2j
+

[µ′
l,j − µ′

l,mod(ϖ0,j)]
2

[σµ′
l
(ϖ0,j)]2j

+

+
[µb,j − µb,mod(ϖ0,j)]

2

[σµb
(ϖ0,j)]2j

+
(ϖj −ϖ0,j)

2

σ2
ϖ,j

}
.

(19)
4D fitting:

L(1)(a) → min, (20)

a = (R0, ω0, A, θ2, . . . , θn, u⊙, v⊙, w⊙, σR, σθ, σZ) is the vector of
model parameters.
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4D fitting. III

The triple of values (lj , bj , ϖ0,j) defines the point of the
(non-orthogonal) projection of the object onto the kinematic model
(rotation curve), taking into account all uncertainties.

The variances for velocity characteristics take into account the
natural (dynamic) velocity dispersion, represented as an ellipsoid of
velocities (σR, σθ, σZ):

(σVr)
2
j = (σ̃Vr)

2
j + (σ∗

Vr
)2j ,

(σµ′
l
)2j = (σ̃µ′

l
)2j + (σ∗

µ′
l
)2j ,

(σµb
)2j = (σ̃µb

)2j + (σ∗
µb
)2j ,

(21)

where σ̃2
j are the measuring variance;

σ∗2
j = σ∗2

j (lj , bj , r|σR, σθ, σZ , R0) are contributions of natural
dispersion:
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4D fitting. IV

σ∗2
Vr

= σ2
R cos2 φ cos2 b+ σ2

θ sin
2 φ cos2 b+ σ2

Z sin2 b,

σ∗2
Vl

= σ2
R sin2 φ+ σ2

θ cos
2 φ,

σ∗2
Vb

= σ2
R cos2 φ sin2 b+ σ2

θ sin
2 φ sin2 b+ σ2

Z cos2 b,

(22)

σ∗
µ′
l
=

σ∗
Vl

kr
, σ∗

µb
=

σ∗
Vb

kr
. (23)

Here, φ is an angle with a vertex at the point of projection of the
object on the Galactic plane between the direction to the center of
the Galaxy and the line l = const, b = 0◦; the angle φ is counted
counterclockwise when viewed from the North Pole of the Galaxy:

sinφ =
R0 sin l

R(r)
, (24)

cosφ =
R0 cos l − r cos b

R(r)
. (25)
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Algorithm. I
Level I. The solution for n = const and a fixed sample of
N objects.
Level II. Optimization of the order of the model rotation curve
(N., 1999a,b; N., 2025). The optimal order, no, model was
selected based on the dependence of the characteristics that
reflect the quality of the solution on the order of the model:

1 L(1)(n);
2 σ2

plane(n), σ2
plane ≡ σ2

R + σ2
θ ;

3 BIC(n), AIC(n), where
BIC ≡ 2 min

(
L(1)

)
+ k lnN (Bayesian information criterion),

AIC ≡ 2 min
(
L(1)

)
+ 2k (Akaike information criterion),

k is the number of free parameters;
4 presence of inaccurate kinematic coefficients of the

approximating polynomial Θn(R): σθi/|θi| > 0.5 ∀ 2 ≤ i ≤ n
(special t-criterion for testing the hypothesis H0: θi = 0 for
the significance level of 0.05);

5 presence of fictitious structure of the Θn(R) model at the
edges of the R interval covered by the data (non-physicality of
the model).
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Algorithm. II
HMSFRs: All, 4D, L′ = 1, N = 198
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Algorithm. III

Level III. Exclusion of outliers.
For results obtained in a fixed optimal order no, objects with
redundant residuals are searched and excluded.
We use a flexible algorithm for excluding objects with large
residuals.

One-dimensional algorithm (N., 2012).
Generalization of one-dimensional algorithm to a
four-dimensional field of residuals based on statistics χ2

4.
1 For each of these algorithms, the limiting value κ of the

corresponding criterion statistic is determined.
2 Then the number L of sample objects for which the statistic

exceeds k is found.
3 If L > 1, then L− L′ objects with the largest residual

modules are excluded from further consideration, where
L′ ≥ 1 is a parameter of this algorithm.
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Algorithm. IV

P (L) =
e−1

L!
. (26)

Тогда

P (L ≥ 2) ∼= 0.264 = P(L′ = 1),

P (L ≥ 3) ∼= 0.080,

P (L ≥ 4) ∼= 0.019 = P(L′ = 3),

P (L ≥ 5) ∼= 0.0031.

(27)

where P(L′) ≡ P (L ≥ L′ + 1) is the probability of a “false
alarm”.
Based on these values, the number L = 4 can be considered
clearly redundant. Therefore, to estimate natural variances, we
should take L′ = 3. Then fix the obtained (unbiased) variances
and solve the problem with respect to the remaining
non-dispersive parameters, but with L′ = 1.
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Algorithm. V

[Level IV. Exclusion of isolated objects.]
Exclusion of objects at the edges of the R interval covered by
data, which are isolated from the main part of the sample
objects by their position on the rotation curve after parallax
reduction.

A single application of the algorithms of levels I–IV is one iteration.
If, according to its results, the sample has decreased, in the next
iteration there is a new solution to the problem for the remaining
sample, i.e., algorithms of levels I and II are executed. Then the
algorithms of level III, IV are applied again. The shutdown occurs
when exceptions are no longer needed in the next iteration
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Data. I
Since about 2007, a number of groups have been intensively
engaged in measuring trigonometric parallaxes and the
corresponding movements of maser sources: interferometry with an
ultra-long base of masers is carried out at a methanol frequency
(CH3OH) 12 GHz, H2O 22 GHz, SiO → masers with trigonometric
parallaxes to distances of ∼10 kpc with 3D velocities.
The masers in the high-mass star-forming regions (HMSFR) with
extremely young (≪1Myr) stars, which may yet have reached the
main sequence, are of the greatest interest for studying the
kinematics of the Galaxy as a very “cold” subsystem of a thin disk
with precise absolute distances even for large heliocentric distances
(N. & Veselova, 2018b). These masers represent the most
homogeneous subsystem of masers with trigonometric parallaxes.
This paper. New measurements have been added to the database
described in N. (2025) for 7 HMSFRs, including 3 new objects
(Bian+, 2024; Kumar+ 2025). The final catalog of HMSFRs used
here contains N = 213 objects.
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Data. II
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4D results. I
Final samples: L′ = 3, N = 202; L′ = 1: N = 198;
no = 3.

n R0 ω0 A u⊙ v⊙ w⊙ σR σθ σz θ2 θ3

(kpc)
(

km/s
kpc

) (
km/s
kpc

) ( km
s

) ( km
s

) ( km
s

) ( km
s

) ( km
s

) ( km
s

) (
km/s
kpc2

) (
km/s
kpc3

)
3 7.817 28.46 15.55 6.03 15.52 8.21 6.91 4.22 3.36 −1.29 1.06

+0.109
−0.105 ±0.21 +0.23

−0.22 ±0.83 ±0.89 ±0.51 +0.79
−0.74

+0.85
−0.86

+0.63
−0.65 ±0.20 ±0.14

Derived parameters:
θ0 = 222.4± 3.7 km/s,
θ1 = −2.64± 0.54 km/s,
θ⊙ = 238.0± 3.8 km/s,
ω⊙ ≡ ω0 + v⊙/R0 = 30.44± 0.18 km/s/kpc;
θc = 233.24± 3.8 km/s (at azimuth peculiar velocity
vLSR
⊙ = 4.76± 0.49 km/s, see Ding+, 2019).

Reid+ (2019): N = 147 from ≈200 HMSFR masers,
R0 = 8.15± 0.15 kpc (3D-fitting).
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4D results. II
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4D results. III
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4D
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4D
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4D
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Effects of parallax reduction. I

The more accurate 4D method is much more time-consuming and
requires much longer calculations than the 3D method.
What are the advantages of the 4D method in terms of its impact
on the results, and the systematic errors that can occur when using
the simpler 3D approach?

To clarify this issue, the results obtained by 4D and 3D methods
were compared for. . .

the same stages of the algorithms application,

the same samples (to check the effect of the sample),
popular restrictions on the sample:

on the Galactoaxial distance R,
on the relative error of the parallax,

the variant of the spherical ellipsoid of velocities with fixed
components (σR = σθ = σZ = 5 km/s) used by Reid (2019).
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Effects of parallax reduction. II

Some of the significant correlation coefficients are:

κ(R0, A) = −0.33,

κ(R0, v⊙) = +0.25,

κ(u⊙, A) = +0.22.

Failure to account for the uncertainty of parallaxes should lead to
an overestimation of the velocity dispersion.

=⇒

It should be expected that the most systematic effects will appear
in the (R0, A), (u⊙, v⊙), and (σR, σθ) planes.

30 / 63 Modeling Galactic Rotation: Parallax Reduction Effects



Effects of parallax reduction. III
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Effects of parallax reduction. IV
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Effects of parallax reduction. V
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Effects of parallax reduction. VI
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Effects of parallax reduction. VII

The most pronounced systematic biases due to the neglect of errors
in parallaxes in the 3D method:

for R0 the bias is +(0.2÷ 0.5)± 0.1 kpc (+3÷ 6%),
for A the bias is (−0.8÷ 0.0)± (0.2÷ 0.4) km/s/kpc;

the azimuthal residual velocity of the Sun is overestimated,
and the radial velocity is underestimated by about one
statistical uncertainty;

the dispersions σR and σθ are overestimated by ∼2 times;

the 4D method reduces (by decreasing the value of R0) the
level of the rotation curve by ∼ 15 km/s in the outer region of
the Galaxy (R > 5 kpc), which leads to a decrease in the mass
of the halo, disk, and entire Galaxy, as well as to a decrease in
the radial scale of the disk.
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Analysis of differences ∆ϖ ≡ ϖ −ϖ0:
N = 198 (all, L′ = 1),
⟨∆ϖ⟩ = 0.00035± 0.00092mas (after equalization)

± 0.00114mas (before equalization),
σ0 = 0.807± 0.041,
⟨σϖ⟩ = 0.0129mas (after equalization),
⟨σϖ⟩ = 0.0161mas (before equalization).
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The mechanism of systematic bias

Vr,rot = Tn(∆R)
R0

R
sin l cos b, (28)

Tn(∆R) ≡ −2A∆R+

n∑
i=2

θi
i!
(∆R)i, ∆R ≡ R−R0, (29)

R(r,R0) =
√

R2
0 + r2 cos2 b− 2R0r cos l cos b. (30)

If we decompose R and ∆R in a small neighborhood of the Sun,
i.e. at r ≪ R0, and restrict ourselves to a first-order term, we get
the first Oort formula:

Vr, rot = Ar sin 2l cos2 b. (31)

This means that the estimate of R0 is determined by distant
objects (with a large value of | sin l|). Nearby objects have almost
no effect on R0.
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Systematic effects do not occur because of a change in the average
distance scale (the 4D method leaves it unchanged), but as a result
of the elimination of the nominal expansion relative to the Sun of
the distribution of objects in the Galactic plane due to the
dispersion of distance estimates («shrinkflation»): the reduction in
the average distances to nominally distant objects reduces the value
of R0 to a greater extent than it increases due to the elongation of
close distances.

Such a systematics will occur with any method of determining
distances, even in the absence of a systematic error in the distance
scale.
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Conclusions

1 Ignoring parallax errors can lead to significant biases in the
results of kinematic modeling of the Galaxy. The complexity of
the 4D method is compensated by its systematic accuracy.

2 These biases do not occur because of a change in the average
distance scale, but as a result of the elimination of the nominal
expansion relative to the Sun of the distribution of objects in
the Galactic plane due to the dispersion of distance estimates.
Such a systematics will occur with any method of determining
distances.

3 New estimates of the fundamental universal characteristics of
the Galaxy, corrected for the specified systematics, have been
obtained —
R0 = 7.82± 0.11 kpc, ω⊙ = 30.44± 0.18 km/s/kpc,
θ⊙ = 238.0± 3.8 km/s, and θc = 233.24± 3.8 km/s —
as well as the characteristics of the HMSFR maser subsystem.
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Supplement
Актуальные задачи.

Дальнейшее совершенствование метода.
Пополнение базы данных о мазерных источниках и
изучение их подсистем в Галактике.
Применение к другим типам опорных объектов (цефеиды
и др.).
Кинематическая калибровка фотометрических шкал
расстояний и исправление систематических ошибок
измерений параллаксов.
В перспективе: вклад в решение проблемы природы
спиральной структуры Галактики.
. . .
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4D fitting. I

Reid+ (2009) attempted to account for the uncertainty of the
parallaxes in the framework of the method of least squares,
evaluating model parallax by radial velocity, but then, faced with
difficulties =⇒

Reid+ (2014, 2019) abandoned this approach and returned to the
usual “velocity-only” fitting. However, the uncertainty of the
distance for many masers turns out to be too large to be ignored.

Rastorguev+ (2017,..) take into account the uncertainty of
distances within the framework of the maximum likelihood method
(MLM) by including partial derivatives of the first order in distance
for velocities in the covariance matrix. However, such accounting
ignores the non-Gaussian distribution of errors in distances and is
suitable only for small uncertainties of the latter.
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4D fitting. II

A more perfect idea is the individual reduction of heliocentric
distances by including distributions of distant characteristics of
objects in the likelihood function.

Pont+ (1994) applied this approach to photometric distances,
using only radial velocities, and while fixing the parameters of
the velocity ellipsoid.

Aghajani & Lindegren (2013); Ding+ (2019): the same
approach within the MLM in the case of involving proper
motions and parallaxes. However, the analytical solution given
by these authors for the reduced (corrected) parallaxes is
approximate and can only be applied with small parallax errors.
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Exclusion of outliers. I

Level III. Exclusion of outliers.
For results obtained in a fixed acceptable order ño, objects
with redundant residuals are searched and excluded.
We use a flexible algorithm for excluding objects with large
residuals.

One-dimensional algorithm (Nikiforov 2012).
1 For a given sample size N , the value of κ is calculated, which

satisfies the equation

[1− ψ(κ)]N = 1, (32)

where ψ(z) is probability integral:

ψ(z) =

√
2

π

∫ z

0

e−
1
2
t2dt. (33)
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Exclusion of outliers. II
2 We determine the number of objects L of this sample that

meet the conditions
|δj |
σj

> κ. (34)

The mathematical expectation of this number is equal to one
with a normal distribution of residuals. A larger number of
such objects may be considered as redundant with one or
another probability.

3 If L > 1, then L− L′ objects with the largest residual
modules are excluded from further consideration, where
L′ ≥ 1 is a parameter of this algorithm.

4 To the remaining objects, i.e., in particular, when L = 1, the
following criterion is applied: objects with residuals

|δj |
σj

> kγ(N), (35)

are excluded, where kγ is the root of the equation

1− [ψ(kγ)]
N = γ, (36)

here γ is the accepted significance level. We used γ = 0.05
(approximately the significance level 2σ).
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Exclusion of outliers. III

Generalization of one-dimensional algorithm to a
four-dimensional field of residuals based on statistics χ2

4.

zj =
[Vr,j − Vr,mod(ϖ0,j)]

2

(σVr
)2j

+
[µ′

l,j − µ′
l,mod(ϖ0,j)]

2

(σµ′
l
)2j

+

+
[µb,j − µb,mod(ϖ0,j)]

2

(σµb
)2j

+
(ϖj −ϖ0,j)

2

σ2
ϖ,j

.

(37)

[1− F4(κ)]N = 1, (38)

1− F4(z) = P (χ2
4 > z) = e−z/2

(z
2
+ 1
)
. (39)

We determine the number of objects L of this sample that
meet the conditions

zj > κ. (40)
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Exclusion of outliers. IV

P (L) =
e−1

L!
. (41)

Тогда

P (L ≥ 2) ∼= 0.264 = P(L′ = 1),

P (L ≥ 3) ∼= 0.080,

P (L ≥ 4) ∼= 0.019 = P(L′ = 3),

P (L ≥ 5) ∼= 0.0031.

(42)

where P(L′) ≡ P (L ≥ L′ + 1) is the probability of a “false
alarm”.
Based on these values, the number L = 4 can be considered
clearly redundant. Therefore, to estimate natural variances, we
should take L′ = 3. Then fix the obtained (unbiased) variances
and solve the problem with respect to the remaining
non-dispersive parameters, but with L′ = 1.
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Application of the kinematic method to masers.
Reid+ (2009): N = 16, R0 = 8.4± 0.6 kpc.
Reid+ (2014): N = 80 out of 103, R0 = 8.34± 0.16 kpc.
Rastorguev+ (2017): N = 131, R0 ≈ 8.24± 0.12 kpc.
Reid+ (2019): N = 147 from ≈200 HMSFR masers,
R0 = 8.15± 0.15 kpc.
VERA Collaboration et al. (2020): N = 224, SFRs and RSG masers
from VERA and Reid+ (2019) catalogs,
R0 = 7.92± 0.16stat. ± 0.3sys. kpc.

N. (2025). To obtain a sample of HMSFR measurements, we used
the catalogues in Reid+ (2019), VERA+ (2020), supplementing
them with new data from the literature: Xu+ (2021), Sakai+
(2021), Bian+ (2022), Mai+(2023), Hyland+ (2023), Hyland+
(2024). Total data for 280 masers. The full sample of HMSFRs:
N = 210.
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Reducing parallaxes. I

ϖ0,j : minLϖ,

Lϖ(ϖ0,j |a) =
[Vr,j − Vr,mod(ϖ0,j)]

2

[σVr
(ϖ0,j)]2j

+
[µ′

l,j − µ′
l,mod(ϖ0,j)]

2

[σµ′
l
(ϖ0,j)]2j

+

+
[µb,j − µb,mod(ϖ0,j)]

2

[σµb
(ϖ0,j)]2j

+
(ϖj −ϖ0,j)

2

σ2
ϖ,j

.

(43)
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Reducing parallaxes. II
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Reducing parallaxes. III

The number nϖ0 of minima of the Lϖ(ϖ0,j |a) function
(for the resulting solution at no = 3, L′ = 1)

nϖ0 N = 210 N = 197
(all) (L′ = 1)

1 184 (87.6%) 174 (88.3%)
2 22 (10.5%) 19 ( 9.6%)
3 4 ( 1.9%) 4 ( 2.0%)
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ω⊙ ≡ ω0 + v⊙/R0 = 30.40± 0.20 km/s/kpc
µl(Sgr A*) = 30.39± 0.03 km/s/kpc (Xu+, 2022),

30.32± 0.34 km/s/kpc (Gordon+, 2023) =⇒
No peculiar velocity of Sgr A* relative to the Galactic

barycenter: V 0
l (Sgr A*) = +0.10± 0.27± 1.6 km/s,

+ 0.63± 2.7± 1.6 km/s/kpc.
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