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Abstract. The inverse problem of celestial mechanics seeks to determine the
potential force field that produces a given family of orbits. We address both
classical and modern approaches to this problem. We present a classical an-
alytical approach based on a system of partial differential equations (PDEs)
for the force and energy functions. We also explore a neural network ap-
proach using neural ordinary differential equations (neural ODEs), outlining
the forward- and reverse-time ODE systems required to train the neural net-
work to learn the force function. This synthesis of approaches highlights the
complementary nature of classical analytical methods and modern computa-
tional techniques.

Introduction
The inverse problem of celestial mechanics is a foundational challenge in dynamical
astronomy and theoretical mechanics: given a prescribed family of orbits or a
dataset of trajectory observations, determine the underlying potential force field
that governs a dynamical system’s motion [1].

The systematic study of the inverse problem gained significant momentum in
the mid-20th century, driven by observations of satellites and other space objects.
V. Szebehely [2] formalized the condition (first-order PDE) under which a given
family of curves can be realized as orbits of a dynamical system, particularly in
the context of satellite observations and Earth’s rotation. G. Bozis [3] investigated
the inverse problem for families of orbits in two and three dimensions, highlighting
the role of energy function and integrability conditions. The exact solvability of
partial differential equation (PDE) systems for force and energy functions was
established in [4], where specific classes of potentials admitting prescribed orbital
families were derived. Recent papers by T. Kotoulas [5] have explored the algebraic
and geometric structures underlying these PDE systems, offering new approaches
to their resolution.
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Recently, the inverse problem has evolved beyond purely analytical methods.
Massive astrometric datasets from missions such as Gaia, combined with advanced
computational methods, demand new approaches. Meanwhile, machine learning
techniques have proven effective at inferring functional dependencies directly from
noisy, discrete observations. Our goal is to bridge these approaches by present-
ing both traditional PDE formulations and their contemporary neural network
counterparts.

1. Partial differential equations approach
We study the inverse problem of constructing a force function U(x),x = (x1, x2, x3)
for a material point in three-dimensional space in a Cartesian coordinate system,
with equations of motion

ẍ = ∇xU (x) , (1)
where ∇x denotes the operation of computing the gradient with respect to x,
admitting a family of trajectories defined in domain Ω ⊂ R3 by relations of the
form

ω1 (x) = c1, ω2 (x) = c2, c1, c2 ∈ R (2)

The Jacobian matrix ∂(ω1,ω2)
∂(x1,x2,x3)

is assumed to have maximum rank.
When a material point moves in a potential force field, the energy integral is

conserved:
1

2
∥ẋ∥2 − U (x) = h, ∥ẋ∥2 = ẋ2

1 + ẋ2
2 + ẋ2

3.

Each curve within the family (2) corresponds to a specific energy level. Thus,
the energy function h (x) remains constant along any given trajectory:

h (x) = h (ω1 (x) , ω2 (x)) .

As was demonstrated in [4], solving the inverse problem of celestial mechanics
requires investigating the compatibility and finding a solution to the following
system of first-order partial differential equations for the unknown functions U (x)
and h (x):⎧⎪⎪⎪⎨⎪⎪⎪⎩

⟨∇xω1,∇xU − (U + h)p⟩ = 0,

⟨∇xω2,∇xU − (U + h)p⟩ = 0,

⟨E s,∇xU − (U + h)p⟩ = −2 (U + h) div (E s)− ⟨q,∇xh⟩ ,
⟨s,∇xh⟩ = 0,

(3)

where s = ∇xω1 × ∇xω2, E = 1
∥s∥2 ⟨s, rots⟩, p = 1

∥s∥2

(︁
∇T

x s
)︁
s, q = p × s. Here,

the angle brackets denote the scalar product in R3, and the operation × denotes
the vector product in R3.

If the functions ω1 (x) and ω2 (x) in (2) are known, the PDE system (3) is a
linear first-order system of four PDEs in the two unknowns U (x) and h (x). But
often the functions ω1 (x) and ω2 (x) in (2) are not given in advance, and PDE
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system (3) is a nonlinear system of four PDEs in the four unknowns ω1 (x), ω2 (x),
U (x), and h (x), where three PDEs in (3) are first-order and one is third-order.

Because solving the inverse problem of celestial mechanics involves a system
of PDEs for several unknown functions, this suggests the possible application of
either Riquier theory [6] or the Gröbner basis method [7]. In practice, finding exact
solutions to PDE system (3) is highly challenging. To address this complexity,
various simplifying assumptions are introduced regarding the form of the unknown
functions [5]. This yields simpler differential equations for which exact analytical
solutions can sometimes be obtained.

2. Neural network approach

In the neural network approach, the unknown force function U is assumed to be
the output of a neural network F with input x ∈ R3 and parameters (weights)
θ ∈ Rp.

So we analyze a second-order ODE system

ẍ = ∇xU (x,θ) (4)

where the gradient of the force function U (x,θ) with respect to the variables x in
(4) is computed using the exact automatic differentiation implemented in modern
deep learning frameworks.

We train a neural network F on the existing set of data points

D =
{︂(︂

x
(k)
1 , x

(k)
2 , x

(k)
3 , x

′(k)
1 , x

′(k)
2 , x

′(k)
3 , tk

)︂
, k = 1, N

}︂
,

where the vector xk =
(︂
x
(k)
1 , x

(k)
2 , x

(k)
3

)︂
represents the observed position and the

vector x′
k =

(︂
x
′(k)
1 , x

′(k)
2 , x

′(k)
3

)︂
represents the observed velocity of the material

point at time tk, so that the trajectories x (t;θ) of system (4) match the observa-
tions in D as closely as possible (i.e., the trajectories pass through the points in
D or are in their vicinity).

We replace the system (4) of three second-order equations with the following
system of six first-order equations in the variables (x,x′) = (x1, x2, x3, x

′
1, x

′
2, x

′
3):{︄

ẋ = x′,

ẋ′ = ∇xU (x,θ) ,
(5)

By integrating the system (5) using a numerical algorithm, we can obtain
the set of trajectory points (x (t;θ) ,x′ (t;θ)) at times tk, k = 1, N : xk = x (tk;θ),
x′
k = x′ (tk;θ).

We assume that the loss functional L for training the neural network F takes
the form of the sum of the estimates of the deviations of the trajectory x (t;θ)
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from the points in the observation set D, measured in both position and velocity:

L [x (t;θ) ,x′ (t;θ)] =

N∑︂
k=1

ρ
(︂
x (tk;θ) ,x

′ (tk;θ) ,x
(k),x′(k)

)︂
, (6)

where ρ
(︁
x (tk;θ) ,x

′ (tk;θ) ,x
(k),x′(k))︁ = ⃦⃦

x (tk;θ)− x(k)
⃦⃦2

+
⃦⃦
x′ (tk;θ)− x′(k)

⃦⃦2
.

To minimize the loss L using gradient descent in the parameter space θ of the neu-
ral network F , we must compute the gradient of L with respect to θ.

Following [8], we introduce the adjoint variables χ (t) = ∇xL, χ′ (t) = ∇x′L,
and ϑ (t) = ∇θL, which represent the gradients of the loss functional L with
respect to the states x, the velocities x′, and the parameters θ at time t ∈ [t0, TN ].

The dynamics of the variables (gradients) χ (t), χ′ (t), and ϑ (t) are governed
by systems of first- and second-order ODEs in reverse time, defined on the intervals
[tk, tk+1] for k = N − 1, N − 2, ..., 0:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẍ = ∇xU, x (tk+1) = xk+1,

ẋ (tk+1) = x′
k+1,

χ̈′ = ∇2
xUχ′, χ′ (tk+1) = ∇x′ρ

(︂
xk+1,x

′
k+1,x

(k+1),x′(k+1)
)︂
,

χ̇′ (tk+1) = −∇xρ
(︂
xk+1,x

′
k+1,x

(k+1),x′(k+1)
)︂
,

ϑ̇ = −∇θ

(︁
∇T

xUχ′)︁ , ϑ (tk+1) = 0.

(7)

The system of first- and second-order ODEs (7) in the variables x (t), χ′ (t),
and ϑ (t) must be solved backward in time from tN to t0.

Since the functional L depends on the position and velocity at the final time
tN and on the positions and velocities at intermediate times t1, t2, ..., tN−1, we
can solve the system of equations (7) in reverse time on each interval [tN−1, tN ],
[tN−2, tN−1], etc. (in reverse order), and obtain the resulting gradients ϑ (tk) of
the loss functional L at times t0, t1, ..., tN−1.

Thus, the gradient of the loss functional L [x (t;θ)] with respect to θ is ob-
tained as the sum of the gradients ϑ (tk) computed by solving the systems (7) on
the time intervals [tN−1, tN ], [tN−2, tN−1], ..., [t0, t1]:

∇θL [x (t;θ)] =

N−1∑︂
k=0

ϑ (tk;θ) . (8)

Training the neural network for the force function U on families of curves
obtained in [4] demonstrates the convergence of the learning process and the close-
ness of the trajectories of the ODE system (4) to the curves of the target family
of orbits.
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Conclusion

The inverse problem of celestial mechanics has evolved from a purely theoretical
mathematical challenge into a dynamic, data-driven field of research. The classical
approach, based on partial differential equations, provides rigorous necessary and
sufficient conditions for the existence of potentials that produce prescribed orbital
families.

However, the limitations of classical PDE methods in handling noisy, high-
dimensional, or incomplete observational data have paved the way for modern ma-
chine learning techniques. Among these, the neural ODE framework offers a pow-
erful alternative to traditional PDE-based formulations. By casting the learning
process as a coupled system of forward- and reverse-time ODEs, this method effi-
ciently computes gradients and learns complex potentials directly from data while
preserving the continuous-time dynamical structure of the underlying physics.

Ultimately, the future of this field lies in the synergy between both paradigms.
Classical PDE theory can contribute physical constraints, symmetries, and regu-
larization terms to guide neural network training, ensuring that the learned po-
tentials are both data-consistent and analytically sound. As astrometric datasets
grow in volume and precision, this hybrid framework will become indispensable
for uncovering the hidden gravitational landscapes of the universe.
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