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Problem Formulation
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• Synthesis of a control algorithm

that ensures the motion of

satellites within a prescribed

bounded region relative to a

reference point.

• Development of an algorithm for

stabilizing trajectories in the vicinity

of an asteroid while accounting for

uncertainties in the gravitational

field and other perturbation.

• Ensuring the stability of the

generated trajectories.



Relative Motion
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• C1 represents the drift rate

• C4 represents the along-track offset
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• Lyapunov based control

• LQR control
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Space Swarm (Lyapunov Based Control)
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Space Swarm (LQR Based)
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Asteroid Case 

now the task is set to develop and comparatively analyze nonlinear adaptive strategies for maintaining 

the relative formation of small satellites near the asteroid (4179) Toutatis under conditions of high 

gravitational uncertainty.

parameter value

period 1474 days

radius 1225 m

mass 5e13 kg

density 2.1 g/cm³

category Apollo asteroids

First was observed 10 Feb 1934

7https://ssd.jpl.nasa.gov/horizons/



Gravitational Field Of Asteroid
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• And assume the asteroid to slowly rotate with a rate

𝑛𝑇 << 𝑛 all of the orbit elements can be regarded as

constant over one orbit period

• We can investigate the evolution of the spacecraft mean

orbit elements with Lagrange Planetary Equations.
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Gravitational Field Of Asteroid
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Equation Of Motion

Averaged Gauss equations with vector                      can be added to write hand side of averaged Lagrange 

planetary equation
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Quasi-frozen Orbit
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Perturbed system under disturbances

• The perturbed system

• be adjusted accordingly. Since the entries                   and                  are bounded, it is reasonable to assume 

the uncertainty satisfies a so-called matching condition 
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Control Lyapunov Function
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The Lyapunov function
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Advantages:

• Guaranteed stability (when properly designed).

• Low computational cost – easy to implement onboard.

Disadvantages:

• The resulting control law may be far from optimal in terms of fuel consumption or time.

• Often leads to unnecessarily aggressive control.
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SDRE Control

• The system

• State dependent System factorization:

• Nominal control:                                                                          

• adaptive control?
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Advantages:

• Provides suboptimal control with respect to the selected quadratic 

performance criterion (e.g., minimum fuel/energy).

• Naturally accounts for nonlinearities and coupling between the channels.

Disadvantages:

• High computational load (the Riccati equation must be solved at each step).

• Requires careful selection of the weighting matrices Q and R.
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• Case C
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Control Lyapunov Function
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SDRE Control
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cost 𝒖𝑫𝟏 cost 𝒖𝑫𝟐 Metric G Convergence time Computation cost 

(time)

L
y
a
p
u
n
o
v

7.578 × 10−1 6.492 × 10−15 3.811 × 10−2 121567 5.2

7.577 × 10−4 3.538 × 10−16 1.332 × 10−4 66938 5.0

7.577 × 10−3 6.232 × 10−17 3.939 × 10−4 37785 4.2

S
D

R
E

2.117 × 10−6 2.117 × 10−22 2.131 × 10−7 76127 19.2

3.908 × 10−6 3.908 × 10−22 3.858 × 10−7 61944 19.6

1.201 × 10−5 1.201 × 10−22 1.203 × 10−6 39369 12.7
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Control Lyapunov Function
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• The relative motion of a group of spacecraft in the vicinity of Earth and an asteroid was modeled, taking into account 
uncertainties in the gravitational field.

• For motion around Earth, suboptimal control (LQR) and Lyapunov-function-based control were synthesized for 
formation keeping; in the vicinity of the asteroid, SDRE-based control and Lyapunov-function-based control were 
synthesized, respectively.

• A robust control law was developed to compensate for disturbances and model uncertainties.

• A comparative analysis of the two approaches was conducted.

• The use of the SDRE controller reduces control effort and convergence time compared with the Lyapunov-function-
based control synthesis. However, the computational time increases several-fold.

Conclusion
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