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Abstract. We modify classical collocation methods so that delayed and ad-
vanced arguments are evaluated by the same polynomial that represents the
solution on a step. The derivative is interpolated at Lobatto nodes in Newton
form, while shifted stage values are obtained by integrating this polynomial
beyond the current step when necessary. The resulting implicit equations are
solved by a Gauss—Seidel iteration initialized by extrapolation from the pre-
ceding step. The construction applies to first- and second-order functional
differential equations and treats delay and advance terms uniformly.
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Introduction

Functional differential equations contain values of the unknown function at shifted
times. A representative first-order problem is

x(t) = f(t,x(2),x(t £ 7)), x(tp) = xo, T>0. (1)

The minus sign describes a delay and the plus sign an advance. Standard delay
solvers usually recover shifted values from a stored history, whereas an advanced
value is not yet available. Nested integration can handle both cases, but requires
repeatedly solving auxiliary initial-value problems [1, 2, 3].

The proposed modification is simple: shifted values are evaluated from
the collocation polynomial itself. Delay and advance terms therefore enter the
numerical scheme in exactly the same form. This is useful for problems that must
be integrated both forward and backward in time.
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1. Modified collocation scheme

Let
t; = to + hci, O=c1<ca<---<cg=1,

where ¢; are Lobatto nodes and % is the step size. Define

p(c) :=u(ty + he), (2)
where u approximates the solution on the step. The collocation conditions are
p(c)) = fi, fi = fti,u(t;), u(t; £7)), i=1,...,s. (3)
Introduce
1 c
Iip(e) = —e -6 p(¢)d k1. 4
0= gy | -0 @ as ke (1)

For a first-order equation,

u(t;) = xo + hIip(c;), u(ti 1) =xo + hlip(c; £9), 0=

()

The second formula is the essential modification. If ¢; + § lies outside [0, 1], the
same collocation polynomial is extrapolated rather than switching to a separate
history or advance procedure.

For a second-order equation

#(r) = f(t,x(2),%(2),x(t £7),x(t £ 7)), (6)
set p(c) =ii(tg + he). With v = 1,

>~

u(to + he) = xo + hxhe + > Ip(c),

v(to + he) = x{ + hI1p(c),
u(to + h(c +6)) = xo + hx)(c = 6) + K’ Lp(c £ ),
v(to + h(c £ 6)) = x( + hI1p(c £ ).

(7)

Thus, the first- and second-order constructions differ only in the number of inte-
grations applied to p.

1.1. Newton—Lobatto implementation
Write

s Jj-1
p@) =Y aj[|(c=cw)  aj=[fi,.... fil. (8)
m=1

j=1
The integrated basis functions

j-1
Viu(e) = I ﬂ(c—cm)l ()
m=1
satisfy
k
Yjk(c) = (c=cj-1)yj-1.k(c) = kyj-1,k+1(C), Y1.k(c) = = (10)

k!
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Hence, all stage values are linear combinations of a; with precomputed weights
evaluated at ¢; or ¢; £ 6.

Because f; depends on the polynomial coefficients, the stage equations
are implicit. They are solved by Gauss—Seidel iteration. The first step uses the
initial condition, or a linear predictor for a second-order problem. Later steps use
Pprev(1+c;) as the predictor. Since Lobatto nodes include both endpoints, the final
derivative of one step is reused as the first derivative of the next step (FSAL).

The algorithm is:

1. predict the stage derivatives from the preceding polynomial;

2. integrate the Newton polynomial at ¢; and ¢; = 7/h to form all stage argu-
ments;

update the stages and divided differences by Gauss—Seidel iteration;

4. evaluate the integrated polynomial at ¢ = 1 to advance the solution.

@

2. Brief lunar-orbit example

As a short illustration, the method was applied to

#(r) = - F ‘r‘f)r(” - 3’:@“ (1 + ”i@) ("r—e)5r(t —7), =@l (11)

a simplified lunar tidal model [4]. The orbit was propagated for 40 years and
then integrated backward. With s = 11, h = 2.5 days, and two Gauss—Seidel
iterations per step, the collocation run used 116861 right-hand-side evaluations.
The reference eleventh-order Adams—Bashforth-Moulton delayed calculation [3],
with h = 1/8 day, used 243953 evaluations.

The example indicates that the modified scheme can use substantially
larger steps. A systematic stability and convergence analysis with respect to 7/h
remains necessary.

Conclusion

The main modification is the uniform evaluation of current, delayed, and advanced
stage values from one integrated collocation polynomial. Lobatto nodes, Newton
interpolation, precomputed integral weights, FSAL reuse, and a Gauss—Seidel stage
iteration make the resulting implicit method practical. The same construction
covers first- and second-order equations without a separate numerical mechanism
for advanced arguments.
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