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Earth tide-generating potential (TGP)

The “classical” representation of the TGP at a point P(r, ¢, 1) located
on (or above) the Earth’s surface is

cl — / rl
Ve e, 4) = E:""jE 771 Pi(cos Hy),

External body | _
(e.g., the Moon) where V¢ — the value of classical TGP at P,

r — geocentric distance of P,
¢ — geocentric latitude of P,

/1,— longitude of P east of Greenwich,
Hj — gravitational parameter of body |j,

1/ — geocentric distance of bodly j,
Hj — the angle: P — geocenter — body j,
P,— Legendre polynomial of degree .

Both Earth and body j are assumed to be spheres of uniform density.
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Effect of the “third bodies” on a planet’s satellite motion
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The Earth TGP Is one of the most important potentials of
celestial mechanics. It is used, e.g., in theories of Earth
nutation, developments of solid Earth and ocean tides,
analysis of geodetic and gravimetric observations, etc.

International Geodynamics and
Earth Tide Service (IGETS)
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Home = Softwares and Tools

Software and Tools

Tidal Analysis and Prediction Software

« ETERNA 3.40 (Wenzel, 1996)
« ETERNA 3.40 updates, to include ksm03 tidal potential (Kudryavtsev, 2004)
« The latest version of "etddt.dat" and "etpolut1i.dat" files to be put in the "commdat” directory can be found here.



The history of the Earth TGP developments.
|. Classical approach

The conception of the tide-generating potential was introduced by
by P.-S. Laplace in 1790, he also made the first developments
of the Earth TGP in harmonic series;

Thompson (1868);

Ferrel (1874),

Darwin (1883);

Doodson (1921);

Cartwright & Tayler (1971); Cartwright & Edden (1973);
Biillesfeld (1985);

Xi (1987, 1989);

Tamura (1987, 1995);

Then the following question was raised...



A ECJIN 3EM)IA
HA CAMOM JIENE

Is there any effect of the Earth’s figure on the TGP?



Yes, itis! Why it 1s?
Let us consider the real Earth’s figure (“geoid”) and a point-mass Moon:

* The oblate part of the Earth causes an additional acceleration of
the Moon in an inertial reference frame: da,, ;

» According to Newton’s third law, the geocenter gets an additional

!/
acceleration as well: da,= — ‘;—Mdafw ;
E

« As aresult, there is an inertial acceleration of any point in space
relative to the moving geocenter, e.g., for a satellite (it is taken into
account in motion theories) or point P on the Earth surface (“tide™).
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Y
X /Inertial reference frame

5a}\/1 The Moon (M)

Earth (E)



The history of the Earth TGP developments.
I1. Taking into account the geopotential

a) The effect of the Earth’s polar flattening (or zonal harmonic C,, in
the geopotential) was studied in an analytical solution (Wilhelm 1983).
The relevant terms were calculated and included in the TGP catalogs:

« Hartmann & Wenzel (1994, 1995): HW95;
* Roosbeek (1996): RATGP95;
« Kudryavtsev (2004, 2007a): KSMO03.

b) The effect of the Earth’s both polar and equatorial flattening
(or harmonics C,, and C,,/S,, of the geopotential expansion)
was considered in an analytical solution and the TGP catalog by:

« Kudryavtsev (2025a, 2025b): KSM03ext

Here we present an analytical solution for the case of arbitrary
geopotential coefficients C,./S,,, and find the relevant TGP terms.



The TGP part due to the complete geopotential (1/4)

1. The acceleration of the Moon X' along X—axis of an inertial reference
frame (IRF), which is caused by the complete geopotential, can be
represented by the following standard expression:

X' = —HE 3 x’ to2 {iE D=2 Lom= (Re,q)n P, (sinp’)[c,,,, cosmA’ + s,,,,, sin ml’]} )
where ug is the gravitational parameter of Earth, ', @', A" - are, respectively,
the geocentric distance, latitude and east longitude of the Moon in the ITRS;

Req 1s the mean Earth’s equatorial radius; P,,, are associated Legendre
functions of degree n and order m,

x' =X —Xg,

where X', X are, respectively, X-coordinates of the Moon and Earth
In the IRF; and c,,,,,, s,,..,, are coefficients of the geopotential expansion
In spherical harmonic functions, also determined in the ITRS.



The TGP part due to the complete geopotential (2/4)

2. The total acceleration of Earth along X—axis of the IRF is:

. u $r = x' .ep«[the Earth’s acceleration due to the interaction of the
p=——X =p—=—-X . . .
UE r’ Moon with the non-spherical part of the geopotential

(00) n n
.. R
where X:P = —{f— z z (%) Py (sin@’)[c,m cosmA’ + s,,,, sin mA’]}.
=2m=0

3. The acceleration of P along X—axis of the IRF relative to the geocenter is:

I/ I/
. .. .. , (x' - .. 0 .. _
X=Xp—Xp=u (xAgx—j3)+X§t=an+X§t, where x = Xp — Xg,

yel = ‘:— z ( ) P,(cosH) 1s the “classical” representation of the TGP,
=2

A Is the distance from P to the Moon, H is the angle “P — Earth — the Moon”.



The TGP part due to the complete geopotential (3/4)

4 Zrrs Gravitating body
Inertial reference (e.g., the Moon)
frame L

4. The same for other two coordinates, so RE’ = (X5P,¥5P, Z8P), r = (r,v,2), and

i = Ve + G(rR%) = g + \7rvgt,where Is the required TGP.

5. Next, the R:P vector is calculated in a geocentric coordinate frame defined
by three unit vectors (s, u,v). Then, s, u, v and r are expressed in the ITRS
(defined by the unit vectors i, j, k), and a scalar product rirgsRE 15 IS found.



The TGP part due to the complete geopotential (4/4)

6. Therefore, the general form of the TGP part caused by the complete
geopotential is as follows:

[ (n+ 1Py (sin @) Cpm IITRSSITRS |

R\ 0P, (sing")
< eq) z — ChmIITRSUITRS

dp’ ,

m
. ’
+ - Py (sin @") Spm IITRSVITRS
| cos@ |

VEP(r, 0, 2) = == )

where

Crom = Cpm cOSMA' + 5, sinmA’; Sy = ¢ SinmA’ — s, cosmA’,
I''rrsSITRS = T'[Sin @ sin @’ + cos @ cos ¢’ cos(A — A)],

I'rrrsUitrs = [Sin ¢ cos @’ — cos @ sin ¢’ cos(A — 1')],

I'i'TrsViTRs = 7 €OS @ sin(4 — A').

However, for practical applications of this equation we should obtain

an explicit separation between the coordinates of the external bodies
and those of an arbitrary point P, where the TGP will be calculated.



The TGP part due to the complete geopotential.
The final form

n
z {Plo(SIH (p)ClO + Pll(Sln (p) [C]_]_ cos A + Sll sin A]}

MS

I/ 8P (7', ®, A) —
Req n=2m=0
where
/ n+2
‘Ll Req ; / ! . !
Cio0,,, = — B - (n—m+ 1)P, 11 m(sine’)[c,, cosmA’ + s, sinmd'],
eq
_ ! Req n+2
Cl1pm = 2Req( ’ ) X
Ppi1m+1(sin@’)[cyy, cos(m + 1A + s, sin(m + 1)A'] —
(n m+1)(n—m+ 2)Pp11m-1(sin@’)[c,y, cos(m — 1)A" + s, sin(m — 1)A'] )’
_ H—’ ﬁ n+2
Spm = 2Req( ’ ) X
Ppi1m+1(sin@”)[c,y, sin(m + 1)A" — s, cos(m + 1)A'] —
(n m+1)(n—m+ 2)Pprq1m-1(in@")[s,, cos(m — 1)A" — ¢, sin(m — 1)A'] )

Functions Cyo,_, C11.,S11,., Include all data related to external bodies.
They do not depend on r, ¢, A and can be developed to harmonic series.



Using a new “slowly changing” variable

Let us introduce variable o’ = 1" + 6 , where 8 ~ GMST (UT1, TDB).

Using “slow” variable a’ instead of A" in expressions for coefficients
Cio,,.,C11, ., 511, allows one to essentially decrease the sample step
when tabulating the coefficients over a long-term interval (we shall
develop them in harmonic series then). To calculate a’ the TDB is only
used (but not the much less stable UT1 which is necessary to obtain 1").



The TGP part due to geopotential if to use a’ (1/2)

n=2m=0
where
( P;o(sin@)|Cyo, cosmB + Syo  sinmé)| )
gp r 5 (e A & :
Vo (r,e,A) = R—< +P;(sin <p)[C11,1nm cos(A+m,0)+ Sy, sin(d+ m.0)| ¢,
=4 \+P11(sing)|Ci1,  cos(A—m_0) + S;1, sin(A—m_0)]|)

my=m+1 m_=m-—1,

and normalized values of both associated Legendre functions P,,,, and
geopotential coefficients ¢,,.,,, S,,,,, are used:

p = N...P -~ _ Cnm —~ _ Snm
nm nminm Cnm = N Snm = N
nm nm

N = [fmCrDa-m) _{1 ifm=20
nm — (n+m)! M (2 ifm# 0’



The TGP part due to geopotential if to use a’ (2/2)

é1onm i (Req\"? | 2n+1 - .
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Chm SINMa’ — 5, cosma' )’
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Development of the TGP In harmonic series

A

The “TGP coefficients” élOnm"§10nm’ 611»1nm’§11r1nm’ éll,an’ $11,2,,,
Include all data related to external bodies. Their numerical values are
calculated by using planetary ephemerides DE441 (Park et al. 2021)
over 30,000+ years (-13200 — 17191) with a sampling step of one day.
Next, by employing a modification of the spectral analysis method
(Kudryavtsev 2004, 2007b) the thus tabulated values of the coefficients
are approximated by harmonic series, where both amplitudes and
arguments of the series’ terms are high-degree polynomials of time:

C(t) = Z[(ASS +ATSE+ -+ Agfts) cos w; (t) + (Aﬁf + ATt + -+ Agfts) sin wf ()],
i

S(t) = Z[(A?fi + At + - 4 ASt5) cos wi (t) + (AF + ATt + -+ ATt%) sinwi (1)),
i

wf(t) = vt + vs;t? + -+ vE;to, wi(t) = Vit +vy;t? + -+ vi;te.



Results: catalog of new TGP terms, format K25

The catalog of obtained TGP terms in the K25 format includes
amplitudes A§S, ASS, ..., AS (AT, A3S, ..., AZ®) and frequencies

Vi, V3, .., Ve (Vi, V5, ...,v¢g) of every term of the final series.

The minimum threshold for amplitudes is set equal to 1x10-° m?s=2.
(In previous HW95, KSMO03 expansions of the TGP it is 1x108 m2c).

The number of the TGP terms due to harmonics ¢,,,,,, S, (format K25)

I 834 (3217) 156 (40b

5 12 6 8

“The number of terms in the KSMO03 development (Kudryavtsev 2004);
® The number of terms in the KSM03ext development (Kudryavtsev 2025a).

When n > 4, no term of amplitude above the chosen threshold is found.
In total we obtained 1021 terms of the Earth TGP due to the geopotential.

The catalog: http://Infm1.sai.msu.ru/neb/ksm/tgp/k25 (format-k25).zip.




Results: catalog of new TGP terms, format HW95 (1/3)

Format HW95 (Hartmann & Wenzel 1995, 1996) represents the TGP
In the rotating ITRS. It is used in some popular software packages for
analyzing the tides measurements, e.g., ETERNA (Wenzel 1996).

In a generalized version of the HW95 format the TGP is represented as:

(CO i+ C T+ Gy T 2) cos By (Tyr1, T) +
+(50k + Sy, T + Sy, T?) sin By (Tyr1, T)

where

T is TDB from epoch J2000.0, Ty, 1s UT1 from epoch J2000.0,
Co,i C1pp rS2p; are numerical coefficients obtained in the solution,

B;; are arguments of the series’ terms, which are functions of the
east longitude of the observation point P and 14 fundamental variables:



Results: catalog of new TGP terms, format HW95 (2/3)

Byi(Tyr1,T) = kA + ky, ,T(Ty71, T) + ko, ;S(T) + k3, h(T) + k4, ,p(T)+
+k5kiN’(T) + k6ki pS(T) +k7ki AI(T) + o+ k13ki/’18(T) +k14‘ki pA(T)

where

ki, k2, 0 k1, @re some integer multipliers;

7 1S the mean lunar time at P,

s 1s the mean lunar longitude,

h 1s the mean solar longitude,

p 1s the mean longitude of lunar perigee,

N’ is the negative mean longitude of ascending node of the Moon,
p, 1s the mean longitude of solar perigee,

p4 1s the general precession in longitude,

A4, ..., Ag are the mean longitudes of seven major planets (all but Earth).



Results: catalog of new TGP terms, format HW95 (3/3)

The catalog includes both amplitudes C,, Sy, C;, S1, C», S, and indexes
k, ki ky,.., ki, for every term of the series.
The minimum threshold for amplitudes is equal to 1x10-° m?s~,

The number of the TGP terms due to harmonics ¢,,,,, 5., (format HW95)

-—-———
722 (365°% 352°) 90 (19°)
4 6 3 4

“The number of terms in the KSMO03 development (Kudryavtsev 2007a);
® The number of terms in the HW95 development (Hartmann and Wenzel 1995);
 The number of terms in the KSMO03ext development (Kudryavtsev 2025a).

In total we obtained 829 TGP terms due to the geopotential represented
In the generalized HW95 format.

The catalog is available on:
http://Infm1.sai.msu.ru/neb/ksm/tgp/k25 (format-hw95gen).dat.




Special case 1: geopotential harmonics of order m = 0

Vgp (r,p,A) = R—eq{Plo(sm 0)C1o ot P, (sin go)[Cll ,cos(4+0)+ Si1 o Sin(4 + 9)]}

where

A _u' = (Req n+2 2n+1 Fo— =
C10n0 = Req]n ( 1 ) (n+1) mpnﬂ o(sing’), (n = —Cno)

Ci1,, n+2  [(41)(n+2)(2n+1) cos @
(Gow) < 1 25" (BT, e (22

S11,, sina’

If a constant term appears in the harmonic development of C]Ono, then

there Is a part of the TGP which does not depend on time nor the Earth’s
rotation angle 6. It leads to a “permanent tide” on the Earth’s surface.
The amplitude of this tide is a function of an observation point latitude ¢.
The classic TGP leads to some permanent tides depending on ¢ too,

and all of them appear due to TGP terms of an even degree | (2,4, ...).
Here we get a permanent tide due to TGP terms of an odd degree (I = 1).



Special case 2: geopotential harmonics of order m = 1

Pyo(sin@)[Cyp,,, cos O + Sy, sin 6]
Vnglp (T', @, /1) — — +P11(Sin QD) [ﬁllilnl COS(A + 29) + SA11,1n1 Sin(/l + 20)] )

Req r i -
+ P, (sin ¢) [C11,2n1 cos A +S811,,,, Sin /1]
where

Cio,, _ M [Req " n(n+2)2n + 1) B\ 1 (sino) Chicosa’ + 5, sina’
§10n1 - Reg \ 7' 3(2n + 3) nt+ll ¢ CppSina’ —5,, cosa’ |’

Cit1p | _ W (Req\"t? [(n+2)(n+3)(2n+1) B (sin ") CnqiCOS2a’ + 5, sin2a’
S © 2Reg \ 7' 3(2n+3) n+12M PN = sin2a’ — 5, cos 2a’ )
11,151 €q ni ni

A / 2 —
Gz | _ # (Rea)"™ [n(nt DCnt D, o ()
SA11,2n1 Req r! 6(27’l+ 3) n+1,0 P S_nl .

Geopotential coefficients of order 1 (mostly ¢5,, S31) cause a permanent
tide, which depends on not only the latitude ¢ but the longitude A of the
observation point P too. It is a new type of the permanent tides on Earth.




A time-independent part of the Earth TGP
(«permanent tide»), caused by ¢34 / 531

z-SW 6-0T :SHUf)

-0.5

The maximum value of the Earth TGP part due to ¢34, S3; geopotential
coefficients (= 1.5x10° m?s) is reached at a point ¢ = 0°, A = 6.97°E
near Sao Tomé 1sland off the west equatorial coast of Africa.



Conclusions (1/2)

« Explicit expressions are derived for calculating the Earth TGP jointly
caused by the external bodies (the Moon, the Sun, major planets)
and an arbitrary spherical harmonic coefficient of the geopotential.
The formulae completely separate the “TGP coefficients”, which
depend on masses and positions of the external bodies, from the
coordinates of the observation point, where the TGP is estimated;

« The TGP coefficients related to the external bodies are developed
Into harmonic series over a time interval of more than 30,000 years.
Modern values for masses and ephemerides of the Moon and planets
DE441 are used as the source;

* The minimum threshold for amplitudes of the expansion series’ terms
IS decreased by one order of magnitude, up to 1x10° m?s2. Using it,
taking into account the effect of the complete geopotential, and
employing modern ephemerides allowed us to add new terms in the
Earth TGP harmonic development and update the existing ones;



Conclusions (2/2)

« The new development is available on the web-server of SAl MSU
and given in two formats: K25 (Kudryavtsev 2004, 2025a,b) and
generalized HW95 (Hartmann &Wenzel 1995). The former format
allows one to represent the TGP coefficients over long-term intervals
(thousands and tens of thousands of years), and the latter format is
used in popular software packages for analyzing tides measurements;

* A new type of “permanent tides” on the Earth’s surface (i.e., where
the local TGP value does not depend on time) is found. It depends on
not only the latitude of the observation point (like any other
permanent tide known before), but its geographical longitude as well.

More details: Kudryavtsev S., J. Geodesy, 100:74 (2026).

Thank you for your attention!



