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On the integration of Hamiltonian systems using Liouville’s theorem in CAS
INTRODUCTION

The main theorem ([Whitakker, 1904])

Theorem (Liouville, 1855)

If a dynamical system, defined by the equations

dqr
dt

=
∂H

∂pr
,

dpr
dt

= −∂H

∂qr
(r = 1, 2),

the integral of energy is H(q1, q2, p1, p2) = h, and if
V (q1, q2, p1, p2) = f denotes any other integral not involving the
time, then the expression p1 dq1 + p2 dq2, where p1 and p2 have the
values found from these integrals, is the exact differential of some
function

ϑ(q1, q2, h, f),

and the two remaining integrals of the system are

∂ϑ

∂f
= const,

∂ϑ

∂h
= t+ const.
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On the integration of Hamiltonian systems using Liouville’s theorem in CAS
INTRODUCTION

The Questions

1. Can we use Liouville’s theorem in the given formulation as a
computational tool, espessially using CAS?
2. The theorem doesn’t mention transitions to special
coordinate systems or separation of variables. Does it work in
the original coordinates?
3. To what extent are the calculations associated with this
theorem feasible in symbolic form? Checking the condition of
the total differential for p1dq1 + p2dq2, calculating the
potential ϑ, finding g, f , qr(t), etc.
4. Is it possible to find substitutions of separating variables by
analyzing the formulas associated with this theorem?
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On the integration of Hamiltonian systems using Liouville’s theorem in CAS
INTRODUCTION

The class of Hamiltonian systems under consideration

Condition 1. Hamiltonian

H =
p21 + p22

2
+ V (q1, q2), V ∈ Q[q1, q2]

Condition 2. There is an additional integral

F = ap21 + bp22 + cp1p2 +D, a, b, c,D ∈ Q[q1, q2],

or F = p2q1 − q2p1.

This class of Hamiltonian systems includes systems that satisfy the
Bertrand-Darboux theorem, but may also include Hamiltonian
systems that do not.
It includes almost all systems from the Hietarinta (1984) and many
from Nakagava-Yoshida (2001) lists of integrable systems.
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On the integration of Hamiltonian systems using Liouville’s theorem in CAS
INTRODUCTION

Calculating momenta for Liouville’s theorem

Let be h, f are the values of integrals. We have ideal
(H − h, F − f) in polynomial rings Q[p1, p2, a, ..., f ],
Q[p2, p1, a, ..., f ]. Using the Groebner basis tecnique, it can be
found

p1 = ±

√
B1 ±

√
D

A
, p2 = ±

√
B2 ±

√
D

A

A = 2(a− b)2 + 2c2,

B1 = 2V (−2ab+2b2+c2)+2D(a−b)+2h(2ab−2b2−c2)+2f(b−a),

B2 = 2V (−2ab+2a2+c2)+2D(b−a)+2h(2ab−2a2−c2)+2f(a−b)),

D = (4c4 − 16abc2)V 2 + (8ac2 + 8bc2)V D − 4c2D2+

(32abc2h− 8c4h− 8ac2f − 8bc2f)V − 8(ac2h+ bc2h+ c2f)D−

16abc2h2 + 4c4h2 + 8ac2hf + 8bc2hf − 4c2f2.
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On the integration of Hamiltonian systems using Liouville’s theorem in CAS
INTRODUCTION

Examples of systems for testing the theorem

Potentials: Ioshida systems (1984)

Vα =
q41 + q42

4
+ α

q21q
2
2

2
, α = 0, 1, 3

Vanhaecke system (Harnier, Anharm. oscillator, (1912-1994))

Vµ,ν = (q21 + q22)
2 + µq21 + νq22

Additional Integrals (Iosida, Gorielli):

F0 =
p21 − p22

4
+
q41 − q42

4
, F1 = p2q1−p1q2, F3 = p1p2+q1q2(q

2
1+q22);

Fµ,ν = (q1p2 − q2p1)
2 + (µ− ν)(p21 + 2q41 + 2q21q

2
2 + 2µq21).
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On the integration of Hamiltonian systems using Liouville’s theorem in CAS
YOSHIDA

Liouville Integration for Ioshida-0

It is the separable case.

ϑ =

∫ √
−1/2q41 + f + hdq1 +

∫ √
−1/2q42 − f + hdq2

First remaining integral:

c1 = −
q1(t)∫
q10

dq1√
−1/2q41 + f + h

+

q2(t)∫
q20

dq2√
−1/2q42 − f + h

Second remaining integral:

c2 + t = −
q1(t)∫
q10

dq1√
−1/2q41 + f + h

−
q2(t)∫
q20

dq2√
−1/2q42 − f + h
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YOSHIDA

For initial conditions q1(0) = 3, q2(0) = 4, p1(0) = 1, p2(0) = 2 the
formulas with sn are:

q1(t) = C1 sn(
√
2 · 2641/4(t− 1.155360369)/4, I)

q2(t) = C2 sn(
√
2 · 2641/4(t− 0.8583887884)/4, I)

8 / 38



On the integration of Hamiltonian systems using Liouville’s theorem in CAS
YOSHIDA

Liouville integration for Ioshida-1

ϑ = −f (arctan(q1/q20)− arctan(q10/q20)−
arctan(q2/q1)− arctan(q20/q1)+

q1∫
q10

(
q1
√

−2(q21 + q22)
3 + 8h(q21 + q22)− 4f2

(2(q21 + q22))

)
q2=q20

dq1+

+

q2∫
q20

(
q2
√
−2(q21 + q22)

3 + 8h(q21 + q22)− 4f2

(2(q21 + q22))

)
q1=const

dq2

In this case, the variables are not separable. But this integral is
reduced to an elliptic integral depending on (q21 + q22).
It is true also for two «remaining integrals».
This case integrable in Cartesian coordinates, but they are not
separable.
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YOSHIDA

Liouville integration for Iosida-3

H =
p21 + p22

2
+

q41 + q42
4

+ 3
q21q

2
2

2

F3 = p1p2 + q1q2(q
2
1 + q22)

This is the first case with double radicals.

ϑ =

∫ (√
B1 +

√
Ddq1 +

√
B2 +

√
Ddq2

)
,

D = (q1 + q2)
4 − 4f − 4h)((q1 − q2)

4 + 4f − 4h),

factorisation in Sage;

B1 = −q41 − 6q21q
2
2 − q42 + 4h = B2.

We do not see some ideas for integration. But we will give the
answer after several frames.
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On the integration of Hamiltonian systems using Liouville’s theorem in CAS
YOSHIDA

How to work with nested quadratures

We have the parametrs a, b, c,D, V . Using the initial
conditions find f, h.
Select one of the 4 branches for each 4-valued function. We
wrote a function in the Sage for such a choice, over the field
Q. The choice boils down to checking the consistency of the
initial conditions.
The area of possible movement is determined using the
polynomial D. For now, we have limited ourselves to visual
inspection of this area.
It can be proven that near the initial point there exists a
subregion of the region of possible motion that is stellar
relative to it. In this region, the potential values for the varphi
and its derivatives with respect to the eff a can be found
numerically.
This way, we can try to obtain the values of local integrals.
We are not currently discussing global restoration of motion. 11 / 38
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VANHAECKE

General Vanhaecke system

H =
p21 + p22

2
+ (q21 + q22)

2 + µq21 + νq22

Fµ,ν = (q1p2 − q2p1)
2 + (µ− ν)(p21 + 2q41 + 2q21q

2
2 + 2µq21).

For p1, p2:
A = (q22 − q21 − µ+ ν)2 + 4q21q

2
2

We cannot give here the expressions for D and B1, B2 because they
are too large.
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On the integration of Hamiltonian systems using Liouville’s theorem in CAS
VANHAECKE

Branch Selection

The branche selection is possible, when q1q2 ̸= 0.
Else: we have two variants for branche.
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On the integration of Hamiltonian systems using Liouville’s theorem in CAS
VANHAECKE

Remaining Integrals

After the Branch selection, we can reconstruct ∂ϑ
∂c ,

∂ϑ
∂h , ϑ. This is

possible near the starting point.
To do this, we integrate the corresponding differential forms along
a straight (not broken) path from the starting point (q10, q20) to
the target point (q1, q2).
This can be done using the built-in numerical integrator, and then
we can obtain level curves for the remaining integrals.
Let us now present the level lines for a difficult case of initial
conditions:

q10 = 1, q20 = 1/100, p10 = 1/100, p20 = 1
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On the integration of Hamiltonian systems using Liouville’s theorem in CAS
VANHAECKE

Remaining Integrals. ∂ϑ
∂h
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On the integration of Hamiltonian systems using Liouville’s theorem in CAS
VANHAECKE

Remaining Integrals. Calculation ∂ϑ
∂h
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On the integration of Hamiltonian systems using Liouville’s theorem in CAS
VANHAECKE

Remaining Integrals. Calculation

The very possibility of such calculations, on a 20x20 grid, without
parallelism, in about 15 minutes, speaks to the possible use of
Liouville quadratures for research.
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On the integration of Hamiltonian systems using Liouville’s theorem in CAS
VANHAECKE

What About Vanhaecke coordinates transformation

Main thesis. We noticed that as a result of the Vaneke
transformation, the zero-level line of the discriminant D goes
into the boundary of the rectangle with sides parallel to the
coordinate axes.
Our hypothesis: this allows us to hopefully obtain a coordinate
transformation by solving a purely algebraic problem about the
zeros of the polynomial D.
This helped us integrate Yoshida-3. In this case we should only
rotate Cartesian coordinate system.
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On the integration of Hamiltonian systems using Liouville’s theorem in CAS
VANHAECKE

What About Vanhaecke coordinates transformation

Vanhaecke transformation:

t1 + t2 = −q21 − q22 − µ− ν

t1t2 = νq21 + µq22 + µν

Theorem

D = 16(2µνt1 + 2µt21 + 2νt21 + 2t31 − 2νh− 2ht1 − g)×

(2µνt2 + 2µνt22 + 2νt22 + 2t32 − 2νh− 2ht2 − g)×

(µ+ t1)(µ+ t2)(ν + t1)(ν + t2)/(µ− ν)2
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On the integration of Hamiltonian systems using Liouville’s theorem in CAS
VANHAECKE

Yosida-3 Integration using our hypothesis

Hamiltonian equtions:

d2q1
dt2

= q1(−q21 − 3q22)

d2q2
dt2

= q2(−q22 − 3q21)

Замена:
(q1 ∗ (−q12 − 3 ∗ q22)).subs(q1 = (U + V )/2).subs(q2 =
(U − V )/2).simplify_full()
After transformation :

d2(U + V )

dt2
= −U3 − V 3

d2(U − V )

dt2
= −U3 + V 3

We have integration in elliptic Jacobi functions.
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VANHAECKE

Simple periodic solutions for Vanhaecke

We cannot find general solution for Vanhaecke system. But,
analyze our computations, we find the solution

q2 = p2 = 0;

t =

q1(t)∫
q1(0)

dξ√
−2µξ4 − 2µξ2 + 2h

In terms of Vanhaecke coordinates:

t1 = −ν, t2 = −q21µ− µν

Using Liouville we can find it, but using transformations – it is too
difficult.
This solution describes a periodic motion accross the double line of
branches.
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On the integration of Hamiltonian systems using Liouville’s theorem in CAS
VANHAECKE

Conclusions

Our study indicates the possibility of integrating Hamiltonian
systems using Liouville’s theorem without knowledge of
specific changes of variable.
We believe there are no particular obstacles to implementing
this theorem using numerical methods.
We hope to understand the relationship between a special
change of variables and discriminant zeros. We were able to
find a solution in elliptic functions for the Yoshida-3 system
using a change that rotates the coordinates.
We give an expression for factorization D, give periodic simple
solutions for Vanhaecke system, give solution for Yoshida-3
system.
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On the integration of Hamiltonian systems using Liouville’s theorem in CAS
APPENDIX

Separation of variables. Tsyganov, Grigoriev package

Typically, canonical systems are integrated by switching to a special
coordinate system in which the variables are separated. Integration
is then possible without resorting to Liouville’s theorem.
Substitutions are usually represented as the result of a lucky guess.
However, finding the necessary substitution is possible, for example,
using the Livi-Civita criterion (1903). The Levi-Civita criterion has
been translated into the language of modern differential geometry.
In 2005, Grigoriev and Tsyganov published the seppwar.mw package
for Maple for working with L−systems. In it, they calculated the
substitution separating the variables for the Vanhaeke system.
We were able to obtain all additional integrals for the systems under
consideration. But were unable to find the separating variables for
the Yosida V0, V3 systems. Therefore, an attempt to directly
integrate the system using Liouville’s theorem seems justified.
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On the integration of Hamiltonian systems using Liouville’s theorem in CAS
APPENDIX

Attempt to find a replacement for the Yoshida system V3
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On the integration of Hamiltonian systems using Liouville’s theorem in CAS
APPENDIX

Finding a replacement for the Vanhaecke system Vµ,ν

Here λ1,2 are the Vanhaecke coordinates.
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On the integration of Hamiltonian systems using Liouville’s theorem in CAS
APPENDIX

Thank you for your time and
attention!

© 2026, Malyshev K.Yu. Creative Commons Attribution-Share Alike 3.0
Unported.
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On the integration of Hamiltonian systems using Liouville’s theorem in CAS
ARXIVE

Problem formulation

Vanhaecke hamiltonian:

H =
1

2
(p21 + p22) + aq21 + bq22 + (q21 + q22)

2, a ̸= b.

Our problems:
1. Verify the results of Liouville’s theorem for the Vanhaeke
system in symbolic form.
2. Implement Liouville’s theorem as a method for integrating a
canonical system with known integrals by quadratures in the
CAS Sage.
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On the integration of Hamiltonian systems using Liouville’s theorem in CAS
ARXIVE

Solution to problem 1

Integrals, integral surface Mf,g:

F = (q1p2 − q2p1)
2 + (b− a)(p21 + 2q41 + 2q21q

2
2 + 2aq21),

G = (q1p2 − q2p1)
2 + (a− b)(p22 + 2q42 + 2q22q

2
2 + 2bq22),

F −G = 2H(b− a).

Two independent itegrals. Perfect differential condition (result of
the Liouville’s Theorem), on the integral surface:

∂p1
∂q2

=
∂p2
∂q1

.

The computations of partial differentiation are too complicated.
This equation is verified using the Groebner basis tehnique.
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ARXIVE

Solution to problem 1. Groebner basis.

k=PolynomialRing(QQ,[p2,p1,q2,q1,a,b,f,g],order=’lex’)|

J=k*[F==f,G==g]|

J.groebner_basis()|

⇒ F1(q1, q2, p1) = 0.

F1 is a biquadratic equation for p1. It consists of 183 monomials.
Differentiation:

∂p1
∂q2

= −
∂F1
∂q2
∂F1
∂p1

∈ FractionField(k).
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ARXIVE

Solution to problem 1. Groebner basis.

Another order of variables:

k=PolynomialRing(QQ,[p1,p2,q2,q1,a,b,f,g],order=’lex’)|

J=k*[F==f,G==g]|

J.groebner_basis()|

⇒ F2(q1, q2, p2) = 0.

F2 is a biquadratic equation for p2. It consists of 183 monomials.
Differentiation:

∂p2
∂q1

= −
∂F2
∂q1
∂F2
∂p2

∈ FractionField(k).
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ARXIVE

Solution to problem 1. Polynomial ideals.

It is necessary to check the equality of fractions

∂F1
∂q2
∂F1
∂p1

=

∂F2
∂q1
∂F2
∂p2

∈ FractionField(k).

This equality must be satisfied on the integral surface. This
equality must be satisfied on the integral surface. For arbitrary
parameter values, it is false.
We can consider the difference of two fractions. If the common
numerator of this difference belongs to the ideal generated by the
equations of the integral surface, then the equality can be
considered true on the integral surface. In this form, we have a
classic computer algebra problem.
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ARXIVE

Solution to problem 1. Polynomial ideals.

By reformulating the problem of testing Liouville equality as a
problem of whether a polynomial belongs to some ideal, we can
complete the calculations. Note that the common numerator for
the difference of two fractions is a polynomial in 8 variables
containing 1856 terms.

The first problem is solved.
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ARXIVE

To Problem 2. Finding potential.

So, the form p1dq1 + p2dq2 is a perfect differential on the integral
surface Mf,g. For integration by quadratures using Liouville’s
theorem we need the V — potential, p1dq1 + p2dq2 = dV . The
quadrature has the form:

∫
L⊂Mf,g

p1dq1 =

∫
L⊂Mf,g

√
P8(q1) +

√
P6(q1)

P4(q1)
dq1,

Pj ∈ Q[q2][q1], degree(Pj) = j.

The total number of symbols required to write the integrand is
from 573 to 8470 elements. The integrand has 4 branches, we
wrote a function to select the correct branch in the computer
algebra system.
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On the integration of Hamiltonian systems using Liouville’s theorem in CAS
ARXIVE

To Problem 2. Search for simplification of symbolic
expressions.

Even using specific parameter values results in extremely large,
unwieldy expressions. The question arises: could the calculations be
simplified by using specialized coordinate systems well known from
the literature? We examined several replacements recommended
specifically for the Vanhaeke system. We hoped to simplify the
differential form as a result of the canonical transformation.
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ARXIVE

Conclusions (SPRING-2026)

For the Hamiltonian Vanhaeke system, the results of Liouville’s
theorem were verified to be true; this turned out to be possible
only with the help of the polynomial ideal technique
The quadratures needed for integration using Liouville’s
theorem are written out. Symbolic expressions for all their
components are given.
Classical coordinate substitutions associated with the
Vanhaeke system are converted into canonical transformations
using the Sage computer algebra system. This has not resulted
in any simplification of the symbolic computations associated
with this system.
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ARXIVE

Liouville’s Theorem [Whittaker, 1917]

H = H(q1, ..., qn, p1, ..., pn)

Dynamical system:
dqr
dt

=
∂H

∂pr
,

dpr
dt

= −∂H

∂qr
, r = 1, n.

Integrals (in involution):

φr(q1, ..., qn, p1, ..., pn, t) = ar, r = 1, n ⇒
⇒ pr = fr(q1, ..., qn, a1, ..., an, t), r = 1, n.

THEN the perfect differential:

p1dq1 + ...+ pndqn −Hdt = dV

The remaining integrals of the system are:
∂V

∂ar
= br.
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Thank you for your time and
attention!
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