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General Formulation of the Problem

A liquid mass rotates about an axis. The fluid is ideal. Then, the motion of such a system can be 
determined by the Lagrange equations with the Lagrangian function equal to the difference 
between the kinetic energy of the fluid and the potential energy. The angular variable is a cyclic 
coordinate. It can be eliminated by the Routh method, and the dynamics of the liquid mass will 
be determined by means of the Routh function, which is represented in the form

If the equilibrium shape is the minimum point U, then the equilibrium shape is stable by the 
Lagrange-Dirichlet theorem and asymptotically stable when dissipative forces are added. If the 
equilibrium shape is not the minimum point of the function U and can take negative values, 
then when arbitrarily small resistance forces are added with complete dissipation, the 
equilibrium shape is unstable. The region of equilibrium forms corresponding to the minimum 
of the function U is called the region of secular stability.

Lyapunov-Poincaré Theorem on Stability Conditions.



Investigation of the U function on a family of triaxial ellipsoids

The energy of the self-gravitating mass
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Compression of the Earth with uniform density distribution

Ellipsoid with semi-axes 2
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Axisymmetric and non-axisymmetric series 
of equilibrium figures
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Non-axisymmetric series
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Non-axisymmetric series
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Earth's flattening for an inhomogeneous density distribution

Model in which the density depends quadratically on the distance r from the center:
2( ) , 0r A Br r a    

The constants A and B are determined from two global integral characteristics: 

the total mass M and the moment of inertia I. For the Earth, this gives

-3 10 -5 610530 kgm , 2.06 10 kgm , 6.37 10 mA B a    

Roshe E. Mémoire sur la loi de la densité à 
l'intérieur de la Terre//Mémoires de l'Académie 
des Sciences de Montpellier. Vol 1. 1848 

Marchenko A.N. “Earth’s radial density profiles 
based on Gauss’ and Roche’s distributions” // 
Boll di Geod e Scien Affini, 2000, Vol. 59, No. 3
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Example: Lagrange's top
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Example: Lagrange's top
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Circular two-body problem

2

12

1

2

sin

3
cos 1 ,

2

M

md A C

rdt r m C

 

 
  





   
    

   

1 1 2 2

1 2

23.5 , (360 / ) / , (360 / ) / ,

360 / , 365 , 28 , 0.0033

N day N day

r day N day N day

  







    

   

earth



Таутохронные движения

«Единственной зависящей только от x силой, вызывающей таутохронное движение,

является притяжение, пропорциональное расстоянию» Аппель. ТМ, Том 1, стр 299.

(Петров А.Г. Доклады РАН 2024)
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