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General Formulation of the Problem

A liguid mass rotates about an axis. The fluid is ideal. Then, the motion of such a system can be
determined by the Lagrange equations with the Lagrangian function equal to the difference
between the kinetic energy of the fluid and the potential energy. The angular variable is a cyclic
coordinate. It can be eliminated by the Routh method, and the dynamics of the liquid mass will
be determined by means of the Routh function, which is represented in the form

K2
R=Ty+ Ty —U, U:H~I—§, K = Jo2

Lyapunov-Poincaré Theorem on Stability Conditions.

If the equilibrium shape is the minimum point U, then the equilibrium shape is stable by the
Lagrange-Dirichlet theorem and asymptotically stable when dissipative forces are added. If the
equilibrium shape is not the minimum point of the function U and can take negative values,
then when arbitrarily small resistance forces are added with complete dissipation, the
equilibrium shape is unstable. The region of equilibrium forms corresponding to the minimum
of the function U is called the region of secular stability.



Investigation of the U function on a family of triaxial ellipsoids
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Jacobi ellipsoids

Equations of equilibrium
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Compression of the Earth with uniform density distribution

Ellipsoid with semi-axes a=a=a(l+0), a=all+5)"
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Forms of equilibrium of a rotating drop

The Virial
N method
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Axisymmetric and non-axisymmetric series

of equilibrium figures
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Non-axisymmetric series
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Non-axisymmetric series

aJ &S dJ aS:O:Yz(l_Yp):Xz(l_Xp), x:%, vy-%
oY oX oX oY a, a,

Substitution X =Z2Y = (1-YP)=Z?(1-Z°Y")=1-Z2=Y"(1-Z"")

Up 2 Up
a, a 1-2° a 1-7
_:Z’ _3:X :Z y —3:Y =
G G [ ) (1_Zp+2

1-2ZP* a,
a,/la, a,/a Q° D
0.9 0.655592 0.316691 0.002432
0.8 0.612582 0.311575 0.011182
0.7 0.562994 0.301721 0.030005
0.6 0.506012 0.28582 0.066902
0.5 0.440935 0.262418 0.1407/8
0.4 0367326 0.230056 0.303513



Earth's flattening for an inhomogeneous density distribution

Model in which the density depends quadratically on the distance r from the center:

p(r)=A-Br?,

0<r<a

The constants A and B are determined from two global integral characteristics:
the total mass M and the moment of inertia I. For the Earth, this gives

A~10530 kgm~,

B~2.06x10" kgm®,

p —— A real model of the Earth
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Moment of Inertia  J(5) ~ J, (1+26), J0=871T§1 (A—?Bazj,

The energy of the self-gravitating TI1(5) ~I1, (1—%52) I1, = —16356 aiS(A2 — % ABa’ + g Bza“j.

5=-5J O/ (8I1,). FortheEarth J; =8.0 x10*, TII,=-2.47x10*

5=0.00108, (a,—a,)/a =35=0.00323

Newton

The corresponding flattening (a, —a,) /@, =0.00335, (1/232=0.00431)



Example: Lagrange's top
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Example: Lagrange's top
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Circular two-body problem

earth
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The period of lunisolar precession
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