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Abstract. The dynamics of a two-body system connected by a spherical hinge
moving within a gravitational field in an elliptical orbit is investigated. The
dynamics of the system is described by a second-order system of differential
equations with periodic coefficients. By applying perturbation techniques and
symbolic computation, a periodic solution to the equations of motion is con-
structed as a power series in a small parameter. The conditions under which
such periodic motion occurs were determined and its stability in the linear ap-
proximation was investigated. The stability analysis involves the computation
of the Hamiltonian of the system, which determines the linearized differential
equations of the perturbed motion with periodic coefficients, and the evalua-
tion of the monodromy matrix eigenvalues.

Introduction

In this work, we study the oscillations of a system of two bodies connected by a
spherical hinge that moves within a gravitational field in the plane of an elliptical
orbit. The investigation of the motion of a system of two connected bodies in
an elliptical orbit is of practical interest for the design of composite schemes for
a passive gravitational attitude control systems. While the dynamics of various
gravitational orientation schemes for satellite-stabilizer configurations has been
widely discussed in the literature, some reviews can be found in [1, 2, 3].

The oscillations of a satellite (one rigid body) in an elliptical orbit were
investigated in detail in [4]. Research on the planar oscillations of two connected
bodies has largely been restricted to cases where their centers of mass coincide
[5, 6, 7]. In [8], the eigen-oscillations of a system of two bodies were studied and
optimal parameters for transition to equilibrium were found.
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The present work extends this research by considering the planar oscillations
of a two-body system in an elliptical orbit, specifically where the spherical hinge
is located at the intersection of the principal central axes of inertia of the first
and second bodies. Expanding upon our previous study [9], which was limited to
a first-order linear approximation, this paper calculates the cubic approximation
and provides a solution accurate to the third order. By employing perturbation
techniques and symbolic computation with the help of Wolfram Mathematica [10],
we construct the periodic solution in the form of a power series in a small parameter
and investigate its stability in the linear approximation.

Equations of Motion

The equations of motion of a system of two bodies connected by a spherical hinge
in the plane of an elliptical orbit relative to the center of mass in the orbital
coordinate system: OXY Z (where the OZ axis is directed along the radius vector
connecting the center of mass of the Earth and the center of mass of the two-body
system O; the axis OX is directed along the vector of the linear velocity of the
center of mass, and the axis OY coincides with the normal to the plane of the
orbit) have the following form:
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The axes of the coordinate systems O1x1y1z1 and O2x2y2z2, are directed along the
principal central axes of inertia of the first and the second body, respectively. The
orientation of the coordinate system Oixiyizi with respect to the orbital coordinate
system is determined by the aircraft angles αi (pitch), βi (yaw), and γi (roll) (see
[3]). The index i = 1 (i = 2) refers to body 1 (body 2).

In equations (1) α1, α2 are the aircraft pitch angles of orientation of the axis
of inertia of the first and second bodies relative to the orbital coordinate system,
ϑ is the true anomaly and e is the orbital eccentricity. Here Ai, Bi, Ci are principal
central moments of inertia and M = M1M2/(M1 + M2) is the reduced mass,
where Mi is the mass of the ith body. The case where the hinge is located at the
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intersection of the principal central axes of inertia of the satellite and stabilizer
is considered. Then the coordinates of the spherical hinge P in the coordinate
system associated with each body are (a1, 0, 0), (a2, 0, 0). The prime in (1) denotes
differentiation with respect to ϑ. System (1) admits the zero stationary solution

α1 = α2 = 0. (2)

In an elliptical orbit, a zero equilibrium orientation (2) of the system (1)
does not exist due to the non-uniform rotation of the radius vector connecting the
centers of mass of the Earth and the two-body system. The equilibrium orientation
that exists in a circular orbit transforms into periodic eccentric oscillations in the
orbital plane. These eccentric oscillations represent a particular periodic solution
of the system of equations (1).

The objective of this work is to construct a periodic solution of the system of
equations of motion (1) in the form of power series in a small eccentricity parameter
e (e� 1) in the neighborhood of the zero stationary solution (2) (which we denote
by the dynamic equilibrium position) using procedures for symbolic calculations of
power series, and to analyze the stability of the zero dynamic equilibrium position
in the linear approximation.

Periodic solutions
It can be verified that a general solution of the nonlinear system (1) cannot be
found in analytic form. To find solutions to system (1), we use methods of pertur-
bation theory and algorithms for symbolic calculations of power series proposed
in [11, 12, 13]. The periodic solution determining the eccentric oscillations of the
system of two connected bodies was obtained as an expansion in a series in powers
of a small parameter e up to a cubic term:

αi(ϑ) = eαi
(1)(ϑ) + e2αi

(2)(ϑ) + e3αi
(3)(ϑ). (3)

The computation of the unknown functions α(k)
i (ϑ) in (3) is done in accordance

with the techniques proposed in [13] and involves complex symbolic computations.
In this study, all symbolic computations were performed using the Wolfram

Mathematica environment, specifically using functions such as: Expand, TrigExpand,
Series, Map, Simplify, Replace, DSolve.

In the present work, we have derived the expressions for the periodic motion
of the system in linear, quadratic and cubic approximations.

Stability Analysis
The existence of a periodic solution to the equations of motion (1) means that for
a given value of the parameter e one can choose initial conditions such that the
system remains in a state of dynamical equilibrium, with the bodies oscillating
near the zero stationary position (2).
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The stability analysis of the dynamic equilibrium position was conducted ac-
cording to the following scheme. Using expressions for the kinetic energy and force
function, and performing the Legendre transformation, the Hamiltonian H was
determined. To study the stability of periodic solutions, new canonical variables
q1, q2, p1, p2 were defined.

Rewriting the Hamiltonian H in the new canonical variables and expanding
it into a power series in terms of qi, pi up to the second order inclusive yields
H = H0 +H1 +H2, where Hk is the kth order homogeneous polynomial with re-
spect to the canonical variables qi, pi which are considered as small perturbations
of the periodic solution. The quadratic part H2 of the Hamiltonian determines
the linearized differential equations of the perturbed motion with periodic coeffi-
cients. The perturbed motion of the system is described by a linear system of four
differential equations with periodic coefficients.

The behavior of the solutions to this system of linearized equations is gov-
erned by their characteristic multipliers, which are the eigenvalues of the mon-
odromy matrix. By calculating the monodromy matrix and analyzing its eigenval-
ues, we obtain, according to Lyapunov’s theory, the stability conditions for periodic
solutions in the linear approximation. Symbolic-numerical simulation indicate that
this periodic motion is stable in the linear approximation.
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