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Fig. 1. Three stable periodic orbits in planar equal-mass three-body problem: (a) Schubart orbit [11]; (b) Broucke orbit [12];
(c) “eight-like” orbit [13, 16].
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Three Classes of Newtonian Three-Body Planar Periodic Orbits
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We present the results of a numerical search for periodic orbits of three equal masses moving in a plane
under the influence of Newtonian gravity, with zero angular momentum. A topological method is used to
classify periodic three-body orbits into families, which fall into four classes, with all three previously
known families belonging to one class. The classes are defined by the orbits’ geometric and algebraic
symmetries. In each class we present a few orbits” initial conditions, 15 in all; 13 of these correspond to
distinet orbits.

DOIL 10.1103/PhysRevLett.110.114301 PACS numbers: 45.50.Jf, 05.45.—a, 95.10.Ce
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Class, number, and name £(0) ¥1(0) T Free group element
L.A.1 butterfly 1 0.30689 0.12551 6.2356 (ab)*(AB)?
I.A.2 butterfly 11 0.39295 0.09758 7.0039 (ab)*(AB)?
L.A.3 bumblebee 0.18428 0.58719 63.5345 (b*(ABab)*A*(baBA)*ba)(B*(abAB)*a*(BAba)* BA)
1.LB.1 moth | 0.46444 0.39606 14.8939 ba(BAB)ab(ABA)
.B.2 moth 1I 043917 0.45297 28.6703 (abAB)*A(baBA)*B
LB.3 butterfly 111 0.40592 0.23016 13.8658 (ab)*(ABA)(ba)*(BAB)
1.B.4 moth 11 0.38344 0.37736 25.8406 (babABAY a(abaBAB)b
1.B.5 goggles 0.08330 0.12789 10,4668 (ab)*ABBA(ba)’BAAB
.B.6 butterfly 1V 0.350112 0.07934 79.4759 ((ab)*(ABY)°A((ba)*(BA)*)°B
1.B.7 dragonfly 0.08058 0.58884 21.2710 (b*(ABabAB))(a*(BAbaBA))
I.LB.1 yarn 0.55906 0.34919 55.5018 (babABabaBA)
11.C.2a yin-yang | 0.51394 0.30474 17.3284 (ab)*(ABA)ba(BAB)
IL.C.2b yin-yang 1 0.28270 0.32721 10,9626 (ab)*(ABA)ba(BAB)
11.C.3a yin-yang 11 0.41682 0.33033 55.7898 (abaBAB)*(abaBAbab)(ABAbab)*(AB)’
1.C.3b yin-yang 11 041734 031310 54.2076 (abaBAB)*(abaBAbab)(ABAbab)*(AB)?
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Goals of the work

 To present high precision results for the decay times in the domain.

« To try to gather all known linearly stable collisionless periodic
orbits from the considered domain in one place and to conduct an
extensive long periods’ search for such orbits in order to expand the
list of known ones.

« To present the initial conditions and the periods of the found
linearly stable orbits with many correct digits.

« To perform a high precision study of the linear stability and
provide the eigenvalues of the monodromy matrices with many correct
digits.

« To check if the non-resonance condition from the KAM-theory is
satisfied for all found orbits.

« To establish a correspondence between the different stability
regions found and a certain pattern in the syzygies sequences of the
stable periodic orbits in these regions.
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Differential equations

The differential equations for the three-body problem are derived from
Newton's second law and Newton's law of gravity:

3
”"‘. —_— r

mm = Z szmj ( ] z)g,i = ]_, 2, 3.
j=1,ji |75 — 74|

We consider normalization G = m; = my, = m3 = 1 and planar
motion. We solve the system numerically in the following first order
form:

T; = VT Yi = VY,

3 3
CB. JR— w. . — .
’U.wi = g ( J 1)3, ’U.yi —= g (yj y2)3, ’L = ]_, 2, 3
itz I — il ictg lms — 7|

So we have a vector of 12 unknown functions:

X (t) = i
( ) = (€U1ay1a3327 yz,wg,y3,vwl,vyl,vwz,vy2,vw3,vy3)

The model treats the bodies as point masses.
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Initial conditions

The initial conditions are the following symmetrical collinear with
parallel velocities conditions with two parameters v, > 0, v, > O:

(21(0), y1(0)) = (=1, 0), (x2(0), y2(0)) = (1,0)
(23(0),y3(0)) = (0,0)
(va£1(0), vy1(0)) = (va2(0), vy2(0)) = (va, vy)
(va3(0), vy3(0)) = —2(v21(0), vy, (0)) = (—2va, —2vy)

AR

(=1,0) (1,0)

For initial positions ;(0),y;(0) fixed as above, the two-dimensional
space of velocities is precisely the space of all velocities for which the
linear and angular momentum are zero and for which the moment of
inertia I = 12 4+ y12 + 222 + y22 + 232 + y32 has an extremum at ¢ = o.
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Initial conditions: The 2D search domain
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As only negative energies (only bounded motions) have to be considered,
the 2D search domain is actually those bounded by v, = 0 and v, = 0
axis and E = 0 curve. E = —2.5 4+ 3(v,2 4+ v,°) = 0.
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How do we search for periodic orbits?

Newton's method is used to capture and compute the periodic orbits
with high accuracy.

The grid-search method is used to find initial approximations for
Newton's method.

The choice for ODE Solver is crucial. As an ODE solver we use
the high-order Taylor Series Method implemented with high precision
floating-point arithmetic.

For high-precision arithmetic, we use the GMP library (The GNU
Multiple Precision Arithmetic Library). The length of the mantissa can
be chosen to be arbitrarily long. The exponent is fixed at 64 bits, which
is much more than the 11 bits for standard double-precision numbers.
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Taylor Series Method (TSM)
Joseph-Louis Lagrange termed Taylor’'s theorem
“The main foundation of differential calculus.”

FUNCTIONS
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Taylor Series Method (TSM)

For the initial value problem @(t) = f(u,t), up = u(0), the
N-th order Taylor series method for finding an approximate solution
U(t) = u(t) is given by:

N . 1dU9(t)
U (t =) Uy, gl = —— >~
(t+7) ?:0 Ul TR

where the coefficients U are called normalized derivatives.

We use the strategy of choosing the time stepsize 7, the order IN
and the precision € from:

Jorba, Angel, and Maorong Zou. "A software package for
the numerical integration of ODEs by means of high-order
Taylor methods." Ezperimental Mathematics 14.1 (2005): 99-117

e—0.7/(N—1) 1 N1 1 N
T = min
e? <||U[N—ﬂ||oo> ’ (llU{N]nm)
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Taylor Series Method (TSM)

The order IN of the method controls the local error and is chosen
according to the absolute local error tolerance € by the formula:

N =[-0.51n(e) + 1],

where [-] is the ceiling function. If we take € to be the precision
corresponding to 64k bits of mantissa, we obtain:

N = [—0.51n(27%) + 1] = [~ 22.1807k + 1]

In our computations we use the dependence N = 22k.

Normalized derivatives are computed with the rules of automatic
differentiation! The formulas for automatic differentiation can be found
in the previous work:

Hristov, I., Hristova, R., Puzynin, I., Puzynina, T., Sharipov, «
Z.,Tukhliev, Z. "Newton’s method for computing periodic »
orbits of the planar three-body problem." 16th Annual Meeting «
of the Bulgarian Section of SIAM, December, 2021, Sofia, Bulgaria B’k
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Linear stability study

We study the linear stability study, by computing the monodromy

matrices for of the periodic solutions and then computing their eigenvalues.

Eight of the eigenvalues are equal to 1. The other four determine the
linear stability.

The computation of the monodromy matrices does not create additional
technical difficulties because they are of the same Jacobian type as the
matrices in Newton's method and are computed in the same way -
through TSM.

For computing the eigenvalues we use a Multiprecision Computing

Toolbox Advanpix for MATLAB (R).
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Numerical results
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A correspondence between the stability regions found and
a certain pattern in the syzygies sequences

The syzygy sequences in the region of Figure-8 are completely clear -
they are of the form (213)%*,k € N

The orbits in the Broucke region are characterized by containing the
subsequence (213)2(231)? in their syzygy sequences. The most well-
known collisionless periodic orbit of this type is Bumblebee (Suvakov,
Dmitrasinovic).

The orbits in the intermediate region with the islands (the green dots)
are characterized by the condition that their syzygy sequences contain
the subsequence (213)22123(123)?, considered cyclically, and do not
contain (213 2123 123)2. The most well-known collisionless periodic
orbit here is Moth | (Suvakov, Dmitraginovi¢).

All orbits of the largest region (the black dots) are characterized by
the condition that their syzygy sequences contain (213 2123 123)? or
(2123 123)?, considered cyclically. The most well-known collisionless
periodic orbit here is Butterfly 111 (Suvakov, Dmitrasinovi¢).
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Numerical results

Fig. 6. Butterfly Il (Suvakov and Dmitrasinovié, 2013) - left and a S-like orbit (Li and Liao, 2017) - right.
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