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Goals of the work
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Di�erential equations

The di�erential equations for the three-body problem are derived from
Newton's second law and Newton's law of gravity:

mir̈i =
3∑

j=1,j ̸=i

Gmimj

(rj − ri)

∥rj − ri∥3 , i = 1, 2, 3.

We consider normalization G = m1 = m2 = m3 = 1 and planar
motion. We solve the system numerically in the following �rst order
form:

ẋi = vxi, ẏi = vyi

v̇xi =
3∑

j=1,j ̸=i

(xj − xi)

∥rj − ri∥3 , v̇yi =
3∑

j=1,j ̸=i

(yj − yi)

∥rj − ri∥3 , i = 1, 2, 3

So we have a vector of 12 unknown functions:

X(t) = (x1, y1, x2, y2, x3, y3, vx1, vy1, vx2, vy2, vx3, vy3)
⊤

The model treats the bodies as point masses.
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Initial conditions

The initial conditions are the following symmetrical collinear with
parallel velocities conditions with two parameters vx > 0, vy > 0:

(x1(0), y1(0)) = (−1, 0), (x2(0), y2(0)) = (1, 0)

(x3(0), y3(0)) = (0, 0)

(vx1(0), vy1(0)) = (vx2(0), vy2(0)) = (vx, vy)

(vx3(0), vy3(0)) = −2(vx1(0), vy1(0)) = (−2vx,−2vy)

For initial positions xi(0), yi(0) �xed as above, the two-dimensional
space of velocities is precisely the space of all velocities for which the
linear and angular momentum are zero and for which the moment of
inertia I = x1

2 + y1
2 + x2

2 + y2
2 + x3

2 + y3
2 has an extremum at t = 0.
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Initial conditions: The 2D search domain

As only negative energies (only bounded motions) have to be considered,
the 2D search domain is actually those bounded by vx = 0 and vy = 0
axis and E = 0 curve. E = −2.5 + 3(vx

2 + vy
2) = 0.
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How do we search for periodic orbits?

Newton's method is used to capture and compute the periodic orbits
with high accuracy.

The grid-search method is used to �nd initial approximations for
Newton's method.

The choice for ODE Solver is crucial. As an ODE solver we use
the high-order Taylor Series Method implemented with high precision
�oating-point arithmetic.

For high-precision arithmetic, we use the GMP library (The GNU
Multiple Precision Arithmetic Library). The length of the mantissa can
be chosen to be arbitrarily long. The exponent is �xed at 64 bits, which
is much more than the 11 bits for standard double-precision numbers.



D
ra
ft

14/22

◀◀
▶▶
◀
▶

Back

Close

Taylor Series Method (TSM)
Joseph-Louis Lagrange termed Taylor's theorem
�The main foundation of di�erential calculus.�
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Taylor Series Method (TSM)

For the initial value problem u̇(t) = f(u, t), u0 = u(0), the
N-th order Taylor series method for �nding an approximate solution
U(t) ≈ u(t) is given by:

U(t + τ ) =
N∑
i=0

U [i]τ i, U [i] =
1

i!

dU (i)(t)

dti
,

where the coe�cients U [i] are called normalized derivatives.
We use the strategy of choosing the time stepsize τ , the order N

and the precision ε from:
Jorba, Angel, and Maorong Zou. "A software package for

the numerical integration of ODEs by means of high-order
Taylor methods."Experimental Mathematics 14.1 (2005): 99-117

τ =
e−0.7/(N−1)

e2
min


(

1

∥U[N−1]∥∞

) 1
N−1

,

(
1

∥U[N]∥∞

) 1
N


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Taylor Series Method (TSM)

The order N of the method controls the local error and is chosen
according to the absolute local error tolerance ε by the formula:

N = ⌈−0.5 ln(ε) + 1⌉,

where ⌈·⌉ is the ceiling function. If we take ε to be the precision
corresponding to 64k bits of mantissa, we obtain:
N = ⌈−0.5 ln(2−64k) + 1⌉ = ⌈≈ 22.1807k + 1⌉
In our computations we use the dependence N = 22k.

Normalized derivatives are computed with the rules of automatic
di�erentiation! The formulas for automatic di�erentiation can be found
in the previous work:
Hristov, I., Hristova, R., Puzynin, I., Puzynina, T., Sharipov,

Z.,Tukhliev, Z. "Newton's method for computing periodic
orbits of the planar three-body problem."16th Annual Meeting
of the Bulgarian Section of SIAM, December, 2021, So�a, Bulgaria



D
ra
ft

17/22

◀◀
▶▶
◀
▶

Back

Close

Linear stability study

We study the linear stability study, by computing the monodromy
matrices for of the periodic solutions and then computing their eigenvalues.
Eight of the eigenvalues are equal to 1. The other four determine the
linear stability.
The computation of the monodromy matrices does not create additional

technical di�culties because they are of the same Jacobian type as the
matrices in Newton's method and are computed in the same way -
through TSM.
For computing the eigenvalues we use a Multiprecision Computing

Toolbox Advanpix for MATLAB®.
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Numerical results



D
ra
ft

19/22

◀◀
▶▶
◀
▶

Back

Close

Numerical results
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A correspondence between the stability regions found and
a certain pattern in the syzygies sequences

The syzygy sequences in the region of Figure-8 are completely clear -
they are of the form (213)2k, k ∈ N
The orbits in the Broucke region are characterized by containing the

subsequence (213)2(231)2 in their syzygy sequences. The most well-
known collisionless periodic orbit of this type is Bumblebee (�Suvakov,
Dmitra�sinovi�c).

The orbits in the intermediate region with the islands (the green dots)
are characterized by the condition that their syzygy sequences contain
the subsequence (213)22123(123)2, considered cyclically, and do not
contain (213 2123 123)2. The most well-known collisionless periodic
orbit here is Moth I (�Suvakov, Dmitra�sinovi�c).

All orbits of the largest region (the black dots) are characterized by
the condition that their syzygy sequences contain (213 2123 123)2 or
(2123 123)2, considered cyclically. The most well-known collisionless
periodic orbit here is Butter�y III (�Suvakov, Dmitra�sinovi�c).
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Numerical results
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