
1 

IN MEMORIAM OF KONSTANTIN 

KHOLSHEVNIKOV 

1 

I thank the organizers of the 
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STATEMENT OF THE PROBLEM 
 A zero-mass point moves under the 

influence of attraction to the central 
body and a small perturbing 

acceleration P’=P/r2  
 Orbital reference frame О1: with axes 

directed along the radius vector, the 
transversal and the angular 
momentum vector 

P (S, T, W):  
S, T, W = const;  

 Orbital reference frame О2 with axes 
directed along the velocity vector, the 
main normal and the angular 

momentum vector        

         P (    ,     , W) 

         ,     , W = const;  
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The components of the perturbing acceleration are considered to be constant 

and small quantities of the order of μ: 



EQUATIONS OF MOTION IN MEAN ELEMENTS IN  

A FIRST APPROXIMATION IN A SMALL PARAMETER  

T.N. Sannikova, K.V. Kholshevnikov, The Averaged Equations of Motion in 
the Presence of an Inverse-Square Perturbing Acceleration // Astronomy 
Reports — 2019. — V.63, No.5 — p. 420-432 (2019). 

n – mean  motion,   

e – eccentricity,   

i – inclination,  

Ω –  longitude of   

the  ascending  node,  

σ –  argument  of  

pericenter,   

M – mean anomaly 
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semi-major  axis 

The  transition  from  osculating  elements  to  mean elements: 

 are the mean elements are the osculating  elements , 

  are the change-of-variable functions  



NORM OF DIFFERENCE BETWEEN OSCULATING AND 

MEAN ELEMENTS 
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If the perturbing forces are small,  then the osculating orbit deviates 

slightly from the mean one. The difference dr in positions of the celestial  

body on the mean and osculating orbits is a quasiperiodic function of  

time. The         Euclidean (root mean square for the mean anomaly) norm 

of the displacement of the osculating orbit relative to the mean orbit 

allows us to estimate the magnitude of short-period disturbances arising 

as a result of forces inversely proportional to the square of the distance 

from the Sun (for example, the Yarkovsky effect, the pressure of 

sunlight), and to decide on the need to take them into account or the 

possibility of limiting ourselves to only secular drifts, which are given by 

the averaged equations of motion. 

 

Formulas for calculating the displacement                 , which 

characterizes the magnitude of the deviation of the osculating orbit from 

the mean orbit, were found for orbital reference systems О1, associated 

with the radius vector, and О2, associated with the velocity vector. 



NORM OF DIFFERENCE BETWEEN OSCULATING AND 

MEAN ELEMENTS 
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N. Batmunkh, T.N. Sannikova, K.V. Kholshevnikov, V.Sh. Shaidulin.  

The Norm of the Position Shift of a Celestial Body upon Variation of its 

Orbit // Astronomy Reports — 2016 —V.60, No.3 — p. 366-373. 



T.N. Sannikova. Displacement Norm in the Presence of an Inverse-Square Perturbing Acceleration in the 
Reference Frame Associated with the Radius Vector // Astron. Rep. — 2024 — V. 68, No.3 — p. 331—343 
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E  is the eccentric anomaly 

THE CHANGE-OF-VARIABLE FUNCTIONS IN О1 



THE DIFFERENCE BETWEEN THE OSCULATING AND 

MEAN RADIUS VECTORS IN О1 

T.N. Sannikova. Displacement Norm in the Presence of an Inverse-Square Perturbing Acceleration in the 

Reference Frame Associated with the Radius Vector // Astron. Rep. — 2024 — V. 68, No.3 — p. 331—343 
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NORM OF DIFFERENCE BETWEEN OSCULATING AND 

MEAN ELEMENTS IN О1 
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The denominators of the first three terms contain r4, but after squaring and reducing like 

terms, the resulting expressions are reduced by r3: 

The expressions ψij have the form of a trigonometric polynomial with coefficients depending on 

the eccentricity (                                         ), or the product of a trigonometric polynomial by 

functions of the form 

 

or their combinations: A(β,E)2, L(β,E)2, S(β,E)2, A(β,E)L(β,E), A(β,E)S(β,E), L(β,E)S(β,E).  

The remaining r's in the denominators will be cancelled out when calculating the root 

mean square norm from the mean anomaly. 

Calculating of ϱ2 is reduced to finding integrals of the Ψ1, Ψ2, Ψ3, Ψ4 functions.  



The function                                                  , 

INTEGRATION 
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is odd, since sin kE and A(β, E) are odd, and L(β, E) and S(β, E)  are even, 

therefore 



INTEGRATION OF EVEN FUNCTIONS 

11 

When integrating functions containing trigonometric polynomials, A(β,E), L(β,E) or S(β,E), 

we use the integrals given in the books: 

I.S. Gradstein and I.M. Ryzhik. Tables of Integrals, 

Series and Products (BKhV-Peterburg, St. 

Petersburg, 2011; Elsevier Inc., Burlington, 2007): 

K.V. Kholshevnikov, V.B. Titov. Two-Body-

Problem (SPbGU, St. Petersburg, 2007): 

k ≥ 1 



INTEGRATION OF FUNCTIONS WITH A(β,E)2 OR L(β,E)2
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Integration of functions containing A(β,E)2 or L(β,E)2 was performed using series 

expansions [Gradshteyn and Ryzhik, 2011]: 

and transformation of products of trigonometric functions into sums: 



INTEGRATION OF FUNCTIONS WITH A(β,E)S(β,E) OR L(β,E)S(β,E) 
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The function S(β,E) is a series 

 

                                                                                         , 

 

therefore, functions containing products A(β,E)S(β,E) or L(β,E)S(β,E) are 

reduced to table integrals by transforming products of trigonometric  functions 

into sums: 



INTEGRATION OF FUNCTIONS WITH A(β,E)L(β,E),  
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The functions containing A(β,E)L(β,E) are  

There are three variants of the integral here: 

Multiplying by sin kE gives: 

The integral of sk is not equal to zero only if the arguments of the cosines are 

zero, which is possible if n–m–k = 0, n–m+k  = 0 or n+m–k  = 0. Therefore 



INTEGRATION OF FUNCTIONS WITH S(β,E)2 
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The function S(β,E) is a series 

S(β,E)2  is included in the expression for 

When integrating ψ27, we take into account the transformation of the products 

of cosines of multiple arguments into a sum: 

Integrating the latter is equivalent to leaving only free terms in the 

trigonometric series: 

As a result: 

For a trigonometric series of the form                                       the following 

relations are valid: 



NORM OF DIFFERENCE BETWEEN OSCULATING AND 

MEAN ELEMENTS IN О1 
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V1 

V2 V2 

V3 

We substitute the results of integration into 

the original expression, reduce similar terms, 

and as a result we obtain the norm in the form 

Behavior of functions V1, V2 and V3 on interval e ∈ [0,1) is: 

Thus Vk  > 0, hence the norm ϱ2  is always positive, ϱ is a real number.  

The dependence of  the V1, V2 and V3  functions on e is shown in the figure. 



THE CHANGE-OF-VARIABLE FUNCTIONS IN О2 
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T.N. Sannikova. Displacement Norm in the Presence of an Inverse-Square Perturbing 

Acceleration in the Reference Frame Associated with the Velocity Vector // Astron. Rep. — 

2024 — Submitted for consideration for publication. 



THE CHANGE-OF-VARIABLE FUNCTIONS IN О2 
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,              are the Hansen coefficients 

Complete and incomplete elliptic integrals in Legendre form are 

θ is the true anomaly, 

where 



δϵn are Fourier series of the form                          or                         , where  

ak(e)  are Maclaurin series in degrees of eccentricity with rational coefficients, 
and the first term of the series ak(e) has order k – 2  or more. Therefore, when 

preserving terms up to a certain degree of eccentricity, a finite number of terms 

remain in the Fourier series. 

 

Some of the expressions δϵn  have singularities at e = 0  or e  = 1. But since 

averaging over the mean anomaly implies the ellipticity of the osculating  

orbit, that is, 0 < e < 1, then singularity is not encountered in  

the calculations. 

THE CHANGE-OF-VARIABLE FUNCTIONS IN О2 
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We will express the increments of the elements δϵn through the eccentric 

anomaly E and represent them in series, since the original expressions are 

complex functions of the eccentricity e: 



NORM OF DIFFERENCE BETWEEN OSCULATING AND 

MEAN ELEMENTS IN О2 
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where the Maclaurin series for the coefficients ank(e) always start with a term 

of order ek.  

Norm of difference between osculating and mean elements:: 

The last term is an odd function of E and 

disappears as a result of integration. In 

other cases, when integrating, we take 

into account the following integrals: 



NORM OF DIFFERENCE BETWEEN OSCULATING AND 

MEAN ELEMENTS IN О2 
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Behavior of functions V1, V2 and V3 on the interval e ∈ [0, 1): 

min(V1) = 16 for e = 0, V1 → ∞ for e → 1, V1 monotonically increases; 

min(V2) = 1 for e = 0, max(V2) ≈ 102.12175 for e ≈ 0.991724, V2 → −∞ for e → 1; 

min(V3) ≈ 0.247374 for e ≈ 0.926173, max(V3) = 1 for e = 0. 

Function V2 < 0 for e > e0 ≈ 0.995862. Thus Vk > 0 for e < e0, therefore, 

on the interval e ∈ [0, e0] the norm ϱ2 is positive and ϱ is a real number. 

The dependence of V1, V2 and V3 on e is shown in the figure. 

V1 V1 

V2 

V2 

V3 



COMPARISON OF THE DIFFERENCE NORMS IN О1 AND О2 
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The formulas of the main result are identical up to the replacement of the components of 

the disturbing acceleration. The functions An(e) and Bn(e)  are series in even powers of 

eccentricity. The functions A3(e) and B3(e) coincide, since the component W is the same for 

both reference frames. In the O1 frame, the function A1(e) is a second-degree polynomial, 

whereas in the O2 frame, B1(e) is an infinite series, A2(e) and B2(e) are series in both 

frames. Since at zero eccentricity the triangle (−     ,     , W ) is identical to  

the triangle (S, T, W ), then A1(0) = B2 (0), A2(0) = B1(0)  and A3(0) = B3 (0),  

i.e. the free terms coincide, as they should be. 

О1 

О2 



 

 

 

APPLICATION 

INITIAL DATA 

T.N. Sannikova. Accounting for the Yarkovsky Effect in Reference Frames 

Associated with the Radius Vector and Velocity Vector // Astronomy Reports 

— 2022 — V.66, No.6 — p. 500-512 
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RESULTS 
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The  table  contains  the  

values  of  the  

tangential     and  

normal      components,  

the ϱ1 and ϱ2 

displacements, 

calculated for different 

eccentricities e. 

The table shows that with increasing e the magnitude of the periodic perturbations 

caused by the Yarkovsky effect increases, although the absolute values of the     and      

components decrease. In the O1 system, the S and T components do not depend on e, but 

the increase in ϱ1 for large e is more pronounced than in the O2 system. This may 

indicate an overestimation of short-period orbital perturbations for objects in highly 

elliptical orbits when calculated in the O1 system. 

In the general case, with small perturbing accelerations, characteristic of the  

Yarkovsky effect, the displacement of the osculating orbit relative to the average is small 

and can be neglected, taking into account only the secular drifts of the orbital elements. 



CONCLUSION 

 Expressions for the Euclidean (root mean square for the mean 
anomaly) norm of the difference between the osculating and 
mean elements are presented in two orbital reference systems: 
O1, associated with the radius vector, and O2, associated with 
the velocity vector. 

 Short-period perturbations of the orbits of model asteroids 
with different orbital eccentricities due to the Yarkovsky effect 
are estimated. 

 In the general case, with small perturbing accelerations, 
characteristic of the Yarkovsky effect, the displacement of the 
osculating orbit relative to the mean orbit is small and can be 
neglected, taking into account only the secular drifts of the 
orbital elements. 

 As the eccentricity of the orbit increases, the magnitude of 
short-periodic disturbances increases. 
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