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STATEMENT OF THE PROBLEM

o A zero-mass point moves under the S
influence of attraction to the central
body and a small perturbing

acceleration P’=P/r?

o Orbital reference frame O;: with axes
directed along the radius vector, the
transversal and the angular
momentum vector

P(S, T W):
S, T, W = const;

o Orbital reference frame O, with axes
directed along the velocity vector, the
main normal and the angular

momentum vector

P(E 9T, W)
T, I, W=rconst;

The components of the perturbing acceleration are considered to be constant°
and small quantities of the order of u: 5% P P

%2')"_2 = max; = K <4 1.




EQUATIONS OF MOTION IN MEAN ELEMENTS IN
A FIRST APPROXIMATION IN A SMALL PARAMETER

: 3n? 6n* 2 n —mean motion
n=—-——=T=-—=[2E(e) - n"K(e)]%, T
k] TN e — eccentricity,
. ne 4dn 5 1 — Inclination,
= aaam L= mee BE) - K@) T, Q- longitude of
. ne cos o the ascending node,
1= —— ] W, 0 — argument of
221)( + ) pericenter,
5 nesimo M — mean anomaly
Q - 2 (1 + ) . -W)
s sin ¢ _ ./
.n tn. 9 . ti n = 1 — 627
P ne;ma cot 1 W n2 K(e)M + ne;maco () W .| semi-major axis
»*n(l+n) T »*n(l+n) 0 — 372/35-2/3
: 2n 2nn B
s 974
The transition from osculating elements to mean elements:€,, = €,, — 0 €En

E n are the osculating elements, €4, are the mean elements

) €,, are the change-of-variable functions

T.N. Sannikova, K.V. Kholshevnikov, The Averaged Equations of Motion in °
the Presence of an Inverse-Square Perturbing Acceleration // Astronomy
Reports — 2019. — V.63, No.5 — p. 420-432 (2019).




NORM OF DIFFERENCE BETWEEN OSCULATING AND
MEAN ELEMENTS

If the perturbing forces are small, then the osculating orbit deviates
slightly from the mean one. The difference dr in positions of the celestial
body on the mean and osculating orbits i1s a quasiperiodic function of
time. The ||dr|*Euclidean (root mean square for the mean anomaly) norm
of the displacement of the osculating orbit relative to the mean orbit
allows us to estimate the magnitude of short-period disturbances arising
as a result of forces inversely proportional to the square of the distance
from the Sun (for example, the Yarkovsky effect, the pressure of
sunlight), and to decide on the need to take them into account or the
possibility of limiting ourselves to only secular drifts, which are given by
the averaged equations of motion.

Formulas for calculating the displacement O = 4/ HdI‘||2 , which
characterizes the magnitude of the deviation of the osculating orbit from
the mean orbit, were found for orbital reference systems O,, associated
with the radius vector, and O,, associated with the velocity vector.




NORM OF DIFFERENCE BETWEEN OSCULATING AND
MEAN ELEMENTS

According to [Batmunkh et al., 2016], the difference between the osculating and mean

radius vectors can be expressed through the differences in the orbital elements:
(dr)? = 6r% + r?(6u + cos i6§2)? + r*(sin udi — sin i cos udf2)?,

where u is the latitude argument,

r a’ a?
dr = —=da + —(e — cos E')de + —e sin £ d M,
a r
2 an
r(du+ cosidfl) = ¢ — (2—€* — ecosE) sin Ede + rdo + rcosi i + —(5M

T]T‘

r(sin udi — sini cos ud§d) = al(cos E — €) sin o + nsin E cos o] di—

— asini|(cos E — e) coso — nsin E sin o] 662

The Euclidean (root mean square for the mean anomaly) norm of the displacement of the
osculating orbit relative to the mean orbit is calculated using the formula

1 [ 1 (" T
2 _ 2 _ 2 _ / _ - 2_
o = ||dr]|* = 5 /:ﬂ(dr) dM 2%/ (dr)*(1 —ecosE)d / dr)

—

N. Batmunkh, T.N. Sannikova, K.V. Kholshevnikov, V.Sh. Shaidulin. °
The Norm of the Position Shift of a Celestial Body upon Variation of its
Orbit // Astronomy Reports — 2016 —V.60, No.3 — p. 366-373.




THE CHANGE-OF-VARIABLE FUNCTIONS IN O,

3neS sa 3nT , a |
on = o (;(COSE —e) +e) =y (esmE(l + Fn) — QA(;S’,E)) :
2aeS ra 2aT : a ,
da = o (;(COSE —e)+ e) + e (esmE(l + ;n) + 2A(5, E)) ,
de = 5 (E(COSE —e)+ e) + i (esinE(l —n+ En) - QA(;S’,E)) :
x? \r e’ r
7
o . (coso‘[e sin E(n — 1) + 27A(8, E)] +nsina[1 —n— L(B. E)}),
en
W : :
52 = T(sma[esm E(n—1)+2nA(B,E)] —ncoso[l—n— L(,{S’,E)D,
enx? sini
i E L (s E )t Rl _ 50cosi
do = eszme =y (BT(LObE e)+e +1—n L(ﬁ,E)) 0f2cost,
2 3 3
M = 5 esinE+ L 2sinE ) + I f+2n + n—E(cosE—e) — §82{:052E+
2 er x| n+1 er 4
3 2
€ o\ vy SBE+FT) e op 6
+36(T}+1)(2+L0b5) T L(5. ) + = (2 +cos E) 5.,
r=a(l —ecosE), B=¢/(14+7n), n=+1-¢2, E 1s the eccentric anomaly
— arctan _PSnE y o 2
A(B, B) =arctan 12, L(B, B) = In (1 - 28 cos E+ §7),

o0

1—(n—1)3?
S(618) = 3, B gy A o o

n==2

T.N. Sannikova. Displacement Norm in the Presence of an Inverse-Square Perturbing Acceleration in the
Reference Frame Associated with the Radius Vector // Astron. Rep. — 2024 — V. 68, No.3 — p. 331—343




THE DIFFERENCE BETWEEN THE OSCULATING AND

MEAN RADIUS VECTORS IN O,
(dr)* = 6r* + 7°(0u + cosid82)* + r*(sin udi — sin i cos ud)*

Sa? Ta? , Ta® _ S Wa
or = o, + Dy,  r(du+ cosid) = $3,  r(sinudi — sinicosudf)) = ——dy
432272 wr? 7 w22 pate
;= 2(2+ 3¢?) — 3e(4 + €*) cos E + 6¢* cos 2E — € cos 3E,
esin F/ .
= ———— (44(1 — (2 — 3¢* 5 ) —
5 4n3(1+n)2( (14 n) —e*(26 4 6n) — 3" (8 + 5n) + 6¢°)
e*sin 2F ( .
— —— (24(1 6e’n — et 1 0) —
8773(Hn)g( (1+n) + 6e*n — e*(30 + 17n) + 6¢°)
edsin 3E etsin4dFE
_ _CMOB g1 ) — (4 _comer
A3 (1 +n)? (401 +m) — (@ +m) 1672
A(B, E) 2 2 Ay 2y o 4,
+ ———(e(T+3e”) — (2+ 12e” +€") cos E + e(1 + 5¢7) cos 2E — €” cos 3E' | —
€n
(1
. (ﬂ sin E — gsinQE) L(B,E) — W(z sin £ — esin 2E)5(3, E),
e n
16(1+n) — 4e*(5 + 8n) + 9¢? ecos B 5 :
by = 128(1 +1n) —e” (98 + 38n) — e ) —
’ 81+ 1) S+ e 2B =X =€)
e? cos 2F , ecos 3E
- ————(28(1 — (18 +5 4(1 - 2(3+4n)) —
a1 g g (BB 4D = 184 5m) + =0 = (41— ) +¢* (3 + 4n))
2cos4FE A(B,E
- C;b (I—n)+ (25 ) ((8 — 3¢*)sin E — 2¢ (3 — €*) sin2E + €*sin 3E)+
n €n

5 3(1+n)

1 2 3 e
R — s F+ — 2F — —cos3F | L(B, F) — ——— (1 — E )
+(2 46(8+7€)60b —|—2cos 4(‘0'03) (8, E) ; (1—ecosE)S(B,E), a

1 —
b, = (—277)(—36 +2cos E 4 ecos2E) 4+ 2nA(S, E)sin E + (e — cos E)L(B, E).
T.N. Sannikova. Displacement Norm in the Presence of an Inverse-Square Perturbing Acceleration in the

Reference Frame Associated with the Radius Vector / Astron. Rep. — 2024 — V. 68, No.3 — p. 331—343




NORM OF DIFFERENCE BETWEEN OSCULATING AND

MEAN ELEMENTS IN O,

S52a" STa® T?a" W2a?
2 2 2 2
= o7 4 D1 Py + —— (D5 + P3) + ——
165ct4 1T 2Pt TR T A (P ) wie?
The denominators of the first three terms contain r4, but after squaring and reducing like
terms, the resulting expressions are reduced by r3:
S2%a? a T?a® a W?2a? STa? a
dr)? = — —U \ —
(dr) ooy T oA 2T Sag et g Y

Uy =8(2 + 3¢”) — 12¢(4 + €°) cos E + 24¢” cos 2F — 4e® cos 3E,

(dr) @

Wo =191 + Wag + a3 + Yoy + a5 + Pag + Yar + Yag + P9 + U2 10,
Ws =131 + V39 + P33 + V3g + P35 + P13,
Wy =141 + Va2 + Yz + Yaa.

The expressions y;; have the form of a trigonometric polynomial with coefficients depending on
the eccentricity ( Y ax(e)sinkE, Y bi(e)coskE ), or the product of a trigonometric polynomial by
functions of the form

Bsin K _ —n+1—(n—1)3
A(B,E) = arctan T GoosE’ L(3,F) =1In (1 — 20 cos B + 52) , S(B,E) = Z n2(n2 — 1)

n=2
or their combinations: A(8,E)?, L(8,E)?, S(8,E)?, A(B,E)L(5,E), A(B,E)S(B,E), L(5,E)S(B,E).
The remaining r's in the denominators will be cancelled out when calculating the root
mean square norm from the mean anomaly. 7 o
S%e? 1 [T T%? 1 [T W?2a? 1 [T _r STa?> 1 [T
2 f— 2 f— * — !  — 1 — — ) — 1  — 1
o —HdI‘H = 16%4 o //_ﬂ,‘llldE—F o o j;ﬂ \I’ng+ e on [ﬂ@;adE+ P o /;r@4dE

A" cosnkE

Calculating of ¢? is reduced to finding integrals of the ¥, ¥,, ¥;, ¥, functions.




INTEGRATION

The function W4 =141 + a2 + Yuz + Yua,

€
— 4 [44 1) — e2(6n + 26) — 3e*(5n + 8) + 6e°] sin E —
Yy 8?73(?7+1)2([ (n+1) — e*(6n + 26) — 3¢*(5n + 8) + 6¢°| sin

—2¢ [24(n + 1) + 6e*n — €' (17n + 30) + 6¢°] sin 2E—

—4e? [An+1) — e’ (n+4)| sin3E — e’ [2(n + 1) — €*(n + 2)] sin 4E),
2
Va2 = e_rﬁA(ﬁ’ E) (e[7+3¢* — [2+ 12¢® + €*] cos E + e[l + 5e’| cos 2E — e* cos 3E)

iy = — L L(B, E) (2sin E — esin 2F)
c

de(n+1
das = — (?72 )

1s odd, since sin kE and A(f, E) are odd, and L(5, E) and S(8, E) are even,
therefore

S(B,F)(2sin E — esin2F) .

1 w
— V,dE = 0.

o o




INTEGRATION OF EVEN FUNCTIONS

When integrating functions containing trigonometric polynomials, A(8,E), L(f,E) or S(8,E),
we use the integrals given in the books:

K.V. Kholshevnikov, V.B. Titov. Two-Body- [.S. Gradstein and I.M. Ryzhik. Tables of Integrals,

Problem (SPbGU, St. Petersburg, 2007): Series and Products (BKhV-Peterburg, St.
Petersburg, 2011; Elsevier Inc., Burlington, 2007):

1 i

% . dE =1, /Oﬂarctan<1f?;£E) sink:EdE—;—kﬁk mpn 3% < 1,
i/ﬁ coskE dE = 0 /Wln(IQ()’cosEJr[))z) dE =0 npn B* < 1,
27 J_, ’ 0

4 In (1 —2Bcos E + 82) coskE dE = —— 3 2 <1
i EcosEdE:—E, /ﬂ n( S cos ﬁ)coq k[ﬁ’ upu 5 <
2 J__a 2
1 [T
- —coskFEdE =0npu k > 2
2m J__a
1 [" _ 1 [" Bsin B , Bk
o AB,E)sinkEdE = — sinkF dE = — >
o | (8, E) sin 5 /_ﬂarctan(lﬁcOSE> sin e k>1
1 [T L [7 o
- WL(ﬁ,E)dE:%/ﬁln(l—26008E+5)dE:O,
S 1TL(B E)(30»8/’5]5’(:13]5:i Wln(1—2ﬁcOSE+62)Cosk‘EdE:—ﬁ—k e
27 ’ 2w ) k

—TT




INTEGRATION OF FUNCTIONS WITH A(B,E)? OR L(f,E)?

Integration of functions containing A(S,E)? or L(8,E)? was performed using series
expansions [Gradshteyn and Ryzhik, 2011]:

65}111E > 6” . o0 )871,
A(B, F) = arctan (1 “GeosE = ; ~.-sin nk, L(3,FE)=1In (1 — 2B cos F + ,6’2) = —QZ . cosnkF,

and transformation of products of trigonometric functions into sums:

o0 o0

1
Z a, cosnk coskE = 5 Z ay[cos(n — k)E + cos(n + k) E],
n=0 n=0
Z a,sinnE coskE = % Z ay[sin(n — k)E + sin(n + k) E/,
n=>0 n=0
L [ A(B, E)? COSkEdE——/ (B, E iﬂsinnEcoskEdEz
o ’ =
21 / (8, E)[sin(n — k)E + sin(n + k)E] dE
™ 4
L[ L(B. E)? 2 cos kE dE — WL(B E) 2zﬁncomE cos kE dE =
o . ’ L o) ’ —~ n L L B e
1l A" [T
=52 L(3, E)[cos(n — k)E + cos(n + k)E| dE.
T n J_.

n=1




INTEGRATION OF FUNCTIONS WITH A(5,E)S(5,E) OR L(5,E)S(5,E)

The function S(S,E) is a series

—~n+1—(n-1)3>
S(B,F) = Z (2 = 1) A" cosnkE ,

n==2

therefore, functions containing products A(S,E)S(B,E) or L(5,E)S(S,E) are
reduced to table integrals by transforming products of trigonometric functions

into sums:
o0 1 o0
Z a, cosnk coskE = 3 Z ay[cos(n — k)E + cos(n + k) E],

n=>0 n=0

o o] 1 o0
Z a, sinnkE coskE = 2 Z ap[sin(n — k)E + sin(n + k) E],
n=>0 n=0

il A(B,E)S(B, E)sinkEdE = % i i 2;%?__11))626” /_w A(B, E)[sin(n + k)E — sin(n — k)E]dE

—T n=2

[e.9]

T 1 n+1—(n-1)3 T
% L(3,E)S(B,E)cos EdE = o Z +2n2(n(2 — 1))ﬁ g /_Tr L(53, E)[cos(n — k)E + cos(n + k)E| dE

- n=2




INTEGRATION OF FUNCTIONS WITH A(S,E)L(5,E),

‘ 6SiHE o0 ﬁn . o0 Bn
A(B, F) = arctan (1 e E = Zl ~—sin nll, L(3,FE)=1In (1 — 2B cos F + [)’2) = —QZ - cosnk,

The functions containing A(B,E)L(B,E) are
Pog = —%A(ﬁ, E)L(B, E) (36 sin E + 61 sin 2E — e sin 3E) : lbaes = 2nA(B, E‘) (8, E)(2esin E — sin 2F)

n=1

There are three variants of the integral here: / )sinkEdE  mpn k= 1,2,3.
—/ (B,E)L(B,E %mkEdE——/ Z—SmnE( QZ—coqu) sinkE dE =
1 T > 0 n Bm _
= —— ZZ——SlnnEcosmE sinkl dE
TS n=1m=1 nom

The product of the series > | apsinnE and > ° | ap, cosmE is

oo oo . 1 o} oo . .
Z Z anam sinnE cosmE = 3 Z Z An G [sin(n —m)E + sin(n + m) £].

Multiplying by sin kE gives: @ =33ty sinnEcosmE sin kE =

n=1m=1

_—ZZCL” amcos(n —m — k)E — cos(n —m + k)E + cos(n +m — k)E — cos(n +m + k) E].
n=1m=1

The integral of s, is not equal to zero only if the arguments of the cosines are
zero, which 1s possible if n-m-k = 0, n—-m+k = 0 or n+m-k = 0. Therefore
% /W Sk dF = % (Z (anak,n — anan+k) — apop + Z ((Ln(lfn,;c — anan+k))

h n=1 n=k+1

T ™ 1 T 1 "
3 | AGBLE BB = [ sap-0. 5 f AG. BB E)sin2Bdt =~ [ i =L -

2 ™

T

= ["/n, am = 8™ /m. — A([j’ E)L(B,E)sin3E dE = ——/ s3dll = —ajag = ——.

2T T




INTEGRATION OF FUNCTIONS WITH S(f,E)?

: : : “n+1-(n-1)p _,
The function S(B,E) is a series S5, E) =) nt 1= DF o cosnE

~  n*(n*-1)

S(B,E)? is included in the expression for ,, = 95 (B;E)Q

(1+ecosE) (e*(n+2) —2(n+1))

When integrating y,., we take into account the transformation of the products
of cosines of multiple arguments into a sum:

oo

1
Z a, cosnk coskE = 5 Z aplcos(n — k)E 4 cos(n + k) L]

n=0
For a trigonometric series of the form s = 2?:0 a, cosnkE the following

relations are valid: x & o o0
52 = Z Z apay cosnkE coskE = ; Z Z anag[cos(n — k)E + cos(n + k) E|,

n=0 k=0 n=0 k=0

ZZanak cos(n — k)E + cos(n + k) E]+

1
s?’(14+ecosE) = =3
n=0 k=0

+ %i iana,k[cos(n —k—1)E+cos(n—k+1)E+cos(n+k—1)E+cos(n+ k+ 1)E].
n=0 k=0
Integrating the latter is equivalent to leaving only free terms in the

trigonometric series:
1 ™

5 | s*(1+ecos E)dE = ag + eagay + — Z + €nani1)-

1 n-l—l—(n—l)BQe

1 7 2 _ 2 n
As a result: o /_ﬂ S(B,E) (14 ecosE)dE = 3 Xj(an + eanni), a, = 2nZ(nZ — 1) 6",

n=2




NORM OF DIFFERENCE BETWEEN OSCULATING AND
MEAN ELEMENTS IN O,

We substitute the results of integration into a,2
the original expression, reduce similar terms, 92 — (Vl 82 + V2 T2 + VS W2)
and as a result we obtain the norm in the form 24 ’

182 4
o 1+887+5

(B2+1)*
1 4133 125819 598249 . 8028469
7 = 2 4 6 8
2 (1_52)4(52“)2( s Pt Pt s P e P T
190263323 ,, = 1366999573 ., 2497264733 _,, = 2619693301 ¢
3
+ 360000 + 11760000 B=+ 345744000 +497871360006 +
+ 247809799 B18_+_ ‘6893993549 /320+ 25909767071 [322+0([324) , 0\}0 02 0.4 06 08 1?0e 30 02 04 06 0.50.9:161;9
224042112000 90363651840000 2733500468160000 : V ? ‘
30 |
2
1 23 137 181 . 13 1 29
Voa=m=o-— 1__2 —Y 4 Sl <. Y 8 _— plo _ &= onl2 25
3 (/32+1)2( 8/8 * 36B +288B +4OOB +7205 o 1764006 T
20
1 14 53 16 18
@) 5 = v 1-— 62, = s
T 313606 + 63504005 + (B ) n ﬁ 6/(1 + 77) AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA

Behavior of functions V;, V, and V; on interval e € [0,1) is:
min(Vy) =1 for e =0, max(V;) =25 fore=1, Vi monotonically increases;

min(V5) =16 fore =0, V, — oo for e — 1, V5 monotonically increasing;

min(Vs3) = 0.253528 for e ~ 0.91557, max(V3) =1 for e = 0.

Thus V, > 0, hence the norm ¢? is always positive, ¢ is a real number.
The dependence of the V,, V, and V,; functions on e is shown in the figure.




THE CHANGE-OF-VARIABLE FUNCTIONS IN O,

6n 0 1 da 0 1
on=———— — k| —-=-E(k)M g = ——— — k| —--E(k)M
e [P (k) R0 T e gt A (G) - g T

4 0 1 2 ) 1
n v 1
+ e [arctg - — = ;{nzK(e) — E(e)]] N,
5i = 9(6 — M) — (E — M)] +nsino |In(1 + ecosf) + 1 — 1y — 1 20° | Ly
17%2776 cosa [n nsino |In € cos n nl+77 )
50— — 1 Lino O — M) — (B — M)] - yeoso | (1 +ccosd) +1— 5 — 2| L
= resing sino [n ncosao |In € cos n n1+77 :
2 2n
_ _ g
do o [19 - (6)] T+
111 T 2 1. esinF++vV1—¢€2cos2 K )
S| (F(E+2e)-K@ (142M) ) +5m N — 6 cosi,
72| 2 T e? i

2 (VI n? L (n 1

5M—%2(1_(3){2(1€)[arctgn4—l—wE(€)WK(€)+€2(2197TE(6)) +

+ SE(k) [e (COSE + g) — %Qcos 2E] — 3E(k)l’(9 —F) — SIH} T+

m ™

2 1 in & 1—e2cos?
L ]:1(E+E’e)_K(€) L Zag) o Ly esin + V1 — €2 cos |
72 2 T e? n
T.N. Sannikova. Displacement Norm in the Presence of an Inverse-Square Perturbing
Acceleration in the Reference Frame Associated with the Velocity Vector // Astron. Rep. —

2024 — Submitted for consideration for publication.




THE CHANGE-OF-VARIABLE FUNCTIONS IN O,

0 is the true anomaly,

0 /1 s B
P =vV1+e242cosf=(1+e)y/1—k2sin®( =) =1 Shecosh ,
2 l—ecosE

B2+ e ‘ 2 =n+l—-(m-1p*_
I(9 — E) —TIBQ (5 ‘I—COSE) + 1+)62 n; n2(n2 — 1) )6 COB??,Ep
e e  2y/e
n=vi-e B_(1+n)’ k_(l—l—e)’
(e @] C o0
TH = — cosnM , C, = —1)" B, (k)S2™ (e)k*™
; . ngl( )" B (k) S, (€)

Sym(e) = X2m(e) — X" (e), X]™ are the Hansen coefficients

1l (s+1)---(s+m) (2s + 2m — D17 k2
Bm(k)_%Z(8+m+1)---(s+2m){ (25 4 2m)!! } 2s +2m — 1

s=0

Complete and incomplete elliptic integrals in Legendre form are

2 de 2 /2 gin? z dz -
K(’f)—/o L E(k)—/o h(z, k) d, D(k)—fo h(x,]f) _K(k‘)kgE(k)’

o = [ s Rl = [ ek

?sin®xdr Fi(p, k) — Falp, k)
fi’*("o’k)jo k) 2 ’

where

h(z,k) = V1 — k2sin® .




THE CHANGE-OF-VARIABLE FUNCTIONS IN O,

We will express the increments of the elements 0¢, through the eccentric
anomaly E and represent them in series, since the original expressions are
complex functions of the eccentricity e:

A
7e

l(6€ - 593 B 2585 2987 34989 43811) qlnE+ (5?2 13(34 11366 17988 2845(310

— — — —_—— — — — sin 24
32 256 8192 2048 4 16 512 2048 65536 )

2
2

+

a¥

(1-

(33 5 7e”  115e¢?  1085e!! n3E - 27¢*  21e%  347¢% 99510 i AE+
— — - sin 3F - — - sin 4F
2 32 56 2048 32768 128 512 8192 32768

P

P
49 L 11 /6 48 /l[] 547 85,9 245/11
( +—ﬁ875'° ) 5E+(65P G e | o )sin6E+( € o0 2 )sin?E+

+

65536 1536 2048 131072 256 8192 65536

(595(3 1855810) sin 8 + (3589 287e!! 1323810 63e !t

n n10E
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O¢, are Fourier series of the form > /7 ai(e)sinkE or >~ ax(e) cos kE, where
a,(e) are Maclaurin series in degrees of eccentricity with rational coefficients,
and the first term of the series a,(e) has order k—2 or more. Therefore, when

preserving terms up to a certain degree of eccentricity, a finite number of terms
remain in the Fourier series.

Some of the expressions d¢, have singularities at e =0 or e = 1. But since
averaging over the mean anomaly implies the ellipticity of the osculating e
orbit, that 1s, 0 <e < 1, then singularity is not encountered in

the calculations.




NORM OF DIFFERENCE BETWEEN OSCULATING AND
MEAN ELEMENTS IN O,

(dr)? = 67 + r*(du + cosi6)* + r?(sin udi — sin i cos ud?)*

T202 co N2 a2 eo
(dr)? = %ff ai,(e) cos kE + Z asy(e) cos kE+
k=0 7 =0
W2 2 9 00
+ %f asg(e) cos kE + T?;a Z as(€e)sinkE,
k=0 k=1

where the Maclaurin series for the coefficients a, (e) always start with a term
of order €.

Norm of difference between osculating and mean elements::

‘ ., TP & 1 [™r N2a? — 1 [T
o° =||dr||* = = Za’lk(e)'%/ —coskE dE + i Zagk(e)-—/ —coskE dE+
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M,?'Q a2 oo 1 T r imag o0 1 - -
+ A ;agk(e) %/ﬂ_ECObkEdE—i_ A §@4k(€) .%/TTESlnkEdE-

r [ r
The last term is an odd function of E and 5. /_ GiE=L
disappears as a result of integration. In /'“ P B dE
. . —cosbdE = ——,
other cases, when integrating, we take Jra 2

1
2
into account the following integrals: 1 / T oskEdE = 0 upn k > 2.
2T J_ . a -




NORM OF DIFFERENCE BETWEEN OSCULATING AND
MEAN ELEMENTS IN O,
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Behavior of functions V,, V;, and V; on the interval e € [0, 1):
min(V;) = 16 for e = 0, V; — o for e — 1, V; monotonically increases;
min(V,) = 1 for e = 0, max(V,) = 102.12175 for e =~ 0.991724, V, —» — for e — 1;
min(V;) = 0.247374 for e = 0.926173, max(V;) = 1 for e = 0.

Function V, <0 for e > ¢, = 0.995862. Thus V| > 0 for e < ¢,, therefore,

on the interval e € [0, ¢,] the norm @2 is positive and g is a real number.

The dependence of V;, V, and V; on e is shown in the figure.
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The formulas of the main result are 1dentical up to the replacement of the components of
the disturbing acceleration. The functions A,(e) and B,(e) are series in even powers of
eccentricity. The functions Age) and By(e) coincide, since the component W is the same for
both reference frames. In the O, frame, the function A,(e) is a second-degree polynomial,
whereas in the O, frame, B,(e) is an infinite series, Ay(e) and B(e) are series in both
frames. Since at zero eccentricity the triangle (— D1, ‘¢, W) is identical to @
the triangle (S, T, W), then A,(0) = B,(0), A,(0) = B,(0) and A40) = B;(0),
1.e. the free terms coincide, as they should be.




APPLICATION
INITIAL DATA

T.N. Sannikova. Accounting for the Yarkovsky Effect in Reference Frames
Associated with the Radius Vector and Velocity Vector // Astronomy Reports
— 2022 — V.66, No.6 — p. 500-512

The article [Sannikova, 2022| considers model objects with different orbital eccentricities
from 0 to 0.99 and other orbital and thermophysical characteristics, like the asteroid Bennu,
and finds the mean orbital values of the components of the vector P in the O, and O,
systems. Using the results of this article, we calculate the orbital shifts o, and gy for these
model objects. The following constants were used in the calculations:

1 AU = 1.495978707 x 10 m, »? = 1.32712440041279419 x 10?° m?s~2, 1 day — 86400 s.

For all occasions

a = 1.126391025894812 AU,

S =9.91079 x 107 AU3/day?, T = —5.10168 x 10~ AU?/day?, W = 0.




RESULTS

€ ‘I) 10_14 m: 10_14 02, 01,
AU /day? | AU?/day? m m
0.001 | -5.10168 | -9.91079 | 129.185 | 129.185
0.01 | -5.10155 | -9.91054 | 129.245 | 129.231
0.10 | -5.08887 | -9.88585 | 135.127 | 133.848
0.20 | -5.04976 | -9.80969 | 152.479 | 147.865
0.30 | -4.98212 | -9.67805 | 180.585 | 171.674
0.40 | -4.88179 | -9.48280 | 219.968 | 206.987
0.50 | -4.74156 | -9.20998 | 273.527 | 258.152
0.60 | -4.54897 | -8.83547 | 348.406 | 335.067
0.70 | -4.28099 | -8.31451 | 461.304 | 461.827
0.80 | -3.88832 | -7.55138 | 658.382 | 711.424
0.90 | -3.22864 | -6.26976 | 1136.522 | 1448.588
0.99 | -1.53792 | -2.98595 | 5562.831 | 14545.945

The table contains the
values of the
tangential ¥ and
normal 9t components,
the o, and g,
displacements,
calculated for different
eccentricities e.

The table shows that with increasing e the magnitude of the periodic perturbations
caused by the Yarkovsky effect increases, although the absolute values of the ‘ and 91
components decrease. In the O, system, the S and T components do not depend on e, but
the increase in g, for large e is more pronounced than in the O, system. This may
indicate an overestimation of short-period orbital perturbations for objects in highly
elliptical orbits when calculated in the O, system.

In the general case, with small perturbing accelerations, characteristic of the @
Yarkovsky effect, the displacement of the osculating orbit relative to the average is small

and can be neglected, taking into account only the secular drifts of the orbital elements.




CONCLUSION

o Expressions for the Euclidean (root mean square for the mean
anomaly) norm of the difference between the osculating and
mean elements are presented in two orbital reference systems:
O,, associated with the radius vector, and O,, associated with
the velocity vector.

o Short-period perturbations of the orbits of model asteroids
with different orbital eccentricities due to the Yarkovsky effect
are estimated.

o In the general case, with small perturbing accelerations,
characteristic of the Yarkovsky effect, the displacement of the
osculating orbit relative to the mean orbit is small and can be
neglected, taking into account only the secular drifts of the
orbital elements.

o As the eccentricity of the orbit increases, the magnitude of
short-periodic disturbances increases.
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