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Collocation polynomial

System of ordinary differential equations:

y =f(ty), (1)

y € R", f(t,y): R x R" — R".
Collocation polynomial u(7) of a given degree s is used to approximate the solution:

y(to + h1) = u(7), u(t) : R — R".
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Collocation polynomial
Collocation polynomial u(7):

u(r) = o P(r).
k=0

The coefficients a, are implicitly determined by a system of nonlinear equations:

> arPi(c;) = £(to + hej, yi)h, yi =Y aPi(c)),

k=1 k=0

a0+zakpk(0):y(t0)7 Cj € [071]7 j:17"'7s'
k=1
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Possible calculation algorithm

Let's move on to a matrix notation:

ayg,

f(to + hej,yj)h
Pi(cj)

Pr(c;) — Pi(0)

Then the system (2) can be written as

AcT = F,
or
A=rcT.
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A

A (nxs).
F (nxs).
C (sxs).
B; (sx1).

yj = y(to) + .ABJ
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Application conditions

The iterative process of calculating the matrix A will converge if

a(Fc-T) ‘
— < 1.
0A
Then we can get a restriction for f(¢,y):
Ofp(t,y ) — || 9f(t,y) 1
maX — ,
;; ( y—yi ; oy yey hsbz
_ A _ -T

b-mjaxHBJH, z—n;%x‘(c )jk‘
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Legendre polynomials

Shifted Legendre polynomials:

1 d"
P, (1)=——

~nldm

-], Py(0) = (1), Pu(1) =1,

How some formulas are transformed:

vi = y(to) + AB; = y(to) + 3 o (Pules) = (~1)).

k=1
s [51
y(to+h) = u(1) = y(to) + 3 e (1= (—1)F) =y(to) + 3 200 1.
k=1 m=1
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Lobatto quadrature nodes are the roots of a polynomial

/Ps \(r)dr ( 1 ),dcfjg( 3—1(7__1)3—1).

Set ¢;:
c1 =0, cs=1; 0<e¢ <1, j=2,...,5s—1
1 1

92 Cj=Cs—j — 5



Application conditions

For all s we have Calculated dependence of z on s:
b= max |1, = 2. 0 ‘ ‘ A
J
* 1,2
0,3 ]
— || 9f(t,y) ! 1
. 2 | sz
— 9y ly—y, 2hsz 0.9 0,9
|| 0f(t,y) - 1 I |
IOy lyoy, 27h 0,1 0,6
! ! !
5 10 15 20
S
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clc=¢, et C' = {aitiim, C—{Pj(ci)} o
then Z 2 P = 5k]
Symmetry:

Pi(1/2—=7)=(-1/7'P{(1/2471), £ —ci=cComi—

N | =



For even s = 2m:

m
even j, Y (zni — 2ks—i)Pj(ci) = Ok,
i=1
m
odd j, > (zki + 2ks—i) Pjlci) = Ok;.
i=1

For odd s = 2m + 1:

even j, (Zki — Zk,s—i)PJ{(Ci) + Zk’m.|_1PJ{(Cm+1) = 5kj,

ANt

odd j, Z(zki + 2k,5-i) Pi(¢i) + 2kmi1 Pj(Cmy1) = O
=1
10
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For even s = 2m:

m

even j, Y (zni — 2ks—i)Pj(ci) = Ok,
i=1
m

odd j, > (zki + 2ks—i) Pj(ci) = 6.
i=1
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For even s = 2m:

m

even j, Y (zni — 2ks—i)Pj(ci) = Ok,
i=1
m
odd j, > (zki + 2ks—i) Pj(ci) = 6.
i=1
For odd k:
ki Zk,s—i»
ZzzkiP;(ci) = 6k‘j7 odd j
=1
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Inverse matrix study, even s = 2m

For even s = 2m:

m
even j, Y (zki — 2ke—i)Pj(ci) = Oy,
i=1
m
odd 7, Z(zm + 2k,5—i) Pj(ci) = Opj.
i=1
For odd k: For even k:
Rki = Rk,s—is Rki = —Rk,s—i»
22,2;“ (ci) = 0kj, odd j. 22% (¢i) = Oj., even j.
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For odd s = 2m + 1:

m
even j, Z(zki — 2k,s—i) P(¢i) + 2rmi1 Pj(Cmy1) = Oy,
=1
m
odd j, > (zki + 2ks—i) Pj(Ci) + Zhmr1P}(cmi1) = Oj.
=1
For odd k:
Zki = Rk,s—1i>

Z 2zk:z cz + 2k m+1P (c'm-i-l) = 6k]a odd j.
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For odd s = 2m + 1:

m
even j, Y (zki — Zks—i) P} (i) + Zhms1 P (Cmi1) = Oy,
i=1
m
odd j, > (zki + 2ks—i) Pj(¢i) + Zhmr1P}(cmi1) = 6.
i=1
For even k:
ki = —Zhys—is  Zkmt1 = 0,

227;]% (¢i) = Okj., even j.
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Inverse matrix study
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https://github.com/shvak/collo

Inverse matrix study

Thank you for your attention!

https://github.com/shvak/collo
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