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Collocation polynomial

System of ordinary differential equations:

ẏ = f(𝑡,y), (1)

y ∈ R𝑛, f(𝑡,y) : R× R𝑛 → R𝑛.

Collocation polynomial u(𝜏) of a given degree 𝑠 is used to approximate the solution:

y(𝑡0 + ℎ𝜏) ≈ u(𝜏), u(𝜏) : R → R𝑛.
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Collocation polynomial

Collocation polynomial u(𝜏):

u(𝜏) =

𝑠∑︁
𝑘=0

𝛼𝑘𝑃𝑘(𝜏).

The coefficients 𝛼𝑘 are implicitly determined by a system of nonlinear equations:

𝑠∑︁
𝑘=1

𝛼𝑘𝑃
′
𝑘(𝑐𝑗) = f(𝑡0 + ℎ𝑐𝑗 ,y𝑗)ℎ, y𝑗 =

𝑠∑︁
𝑘=0

𝛼𝑘𝑃𝑘(𝑐𝑗), (2)

𝛼0 +

𝑠∑︁
𝑘=1

𝛼𝑘𝑃𝑘(0) = y(𝑡0), 𝑐𝑗 ∈ [0, 1], 𝑗 = 1, . . . , 𝑠.
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Possible calculation algorithm

Let’s move on to a matrix notation:

𝛼𝑘 → 𝒜 (𝑛× 𝑠).

f(𝑡0 + ℎ𝑐𝑗 ,y𝑗)ℎ → ℱ (𝑛× 𝑠).

𝑃 ′
𝑘(𝑐𝑗) → 𝒞 (𝑠× 𝑠).

𝑃𝑘(𝑐𝑗)− 𝑃𝑘(0) → ℬ𝑗 (𝑠× 1).

Then the system (2) can be written as

𝒜𝒞𝑇 = ℱ , y𝑗 = y(𝑡0) +𝒜ℬ𝑗 . (3)
or

𝒜 = ℱ𝒞−𝑇 .
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Application conditions

The iterative process of calculating the matrix 𝒜 will converge if⃦⃦⃦⃦
⃦𝜕

(︀
ℱ𝒞−𝑇

)︀
𝜕𝒜

⃦⃦⃦⃦
⃦ < 1.

Then we can get a restriction for f(𝑡,y):

max
𝑝

𝑛∑︁
𝑞=1

𝑠∑︁
𝑖=1

⃒⃒⃒⃒
⃒
(︂
𝜕𝑓𝑝(𝑡,y)

𝜕𝑦(𝑞)

)︂
y=y𝑖

⃒⃒⃒⃒
⃒ =

𝑠∑︁
𝑖=1

⃦⃦⃦⃦
𝜕f(𝑡,y)

𝜕y

⃦⃦⃦⃦
y=y𝑖

<
1

ℎ𝑠𝑏𝑧
, (4)

𝑏 = max
𝑗

‖ℬ𝑗‖, 𝑧 = max
𝑗,𝑘

⃒⃒⃒(︀
𝒞−𝑇

)︀
𝑗,𝑘

⃒⃒⃒
.
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Legendre polynomials

Shifted Legendre polynomials:

𝑃𝑛(𝜏) =
1

𝑛!

𝑑𝑛

𝑑𝜏𝑛

[︁
𝜏𝑛(𝜏 − 1)𝑛

]︁
, 𝑃𝑛(0) = (−1)𝑛, 𝑃𝑛(1) = 1,

− 1 ≤ 𝑃𝑛(𝜏) ≤ 1.

How some formulas are transformed:

y𝑗 = y(𝑡0) +𝒜ℬ𝑗 = y(𝑡0) +

𝑠∑︁
𝑘=1

𝛼𝑘

(︁
𝑃𝑘(𝑐𝑗)− (−1)𝑘

)︁
.

y(𝑡0 + ℎ) ≈ u(1) = y(𝑡0) +

𝑠∑︁
𝑘=1

𝛼𝑘

(︁
1− (−1)𝑘

)︁
= y(𝑡0) +

⌈ 𝑠
2
⌉∑︁

𝑚=1

2𝛼2𝑚−1.
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Lobatto quadrature nodes

Lobatto quadrature nodes are the roots of a polynomial

𝜏∫︁
0

𝑃𝑠−1(𝜏)𝑑𝜏 =
1

(𝑠− 1)!

𝑑𝑠−2

𝑑𝜏 𝑠−2

(︁
𝜏 𝑠−1(𝜏 − 1)𝑠−1

)︁
.

Set 𝑐𝑗 :
𝑐1 = 0, 𝑐𝑠 = 1; 0 < 𝑐𝑗 < 1, 𝑗 = 2, . . . , 𝑠− 1.

1

2
− 𝑐𝑗 = 𝑐𝑠−𝑗 −

1

2
.

Vakhit Sh. Shaidulin Collocation integrator



8

Application conditions

For all 𝑠 we have

𝑏 = max
𝑗

‖ℬ𝑗‖ = 2.

𝑠∑︁
𝑖=1

⃦⃦⃦⃦
𝜕f(𝑡,y)

𝜕y

⃦⃦⃦⃦
y=y𝑖

<
1

2ℎ𝑠𝑧
.

𝑠∑︁
𝑖=1

⃦⃦⃦⃦
𝜕f(𝑡,y)

𝜕y

⃦⃦⃦⃦
y=y𝑖

<
1

2.7ℎ
.

Calculated dependence of 𝑧 on 𝑠:

0, 1

0, 2

0, 3

0, 4

z

5 10 15 20
s

0, 6

0, 9

1, 2

sz
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Inverse matrix study

𝒞−1𝒞 = ℰ , let 𝒞−1 → {𝑧𝑘𝑖}𝑠𝑘,𝑖=1, 𝒞 → {𝑃 ′
𝑗(𝑐𝑖)}𝑠𝑖,𝑗=1.

then
𝑠∑︁

𝑖=1

𝑧𝑘𝑖𝑃
′
𝑗(𝑐𝑖) = 𝛿𝑘𝑗 .

Symmetry:

𝑃 ′
𝑗(1/2− 𝜏) = (−1)𝑗−1𝑃 ′

𝑗(1/2 + 𝜏),
1

2
− 𝑐𝑖 = 𝑐𝑠−𝑖 −

1

2
.
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Inverse matrix study

For even 𝑠 = 2𝑚:

even 𝑗,

𝑚∑︁
𝑖=1

(𝑧𝑘𝑖 − 𝑧𝑘,𝑠−𝑖)𝑃
′
𝑗(𝑐𝑖) = 𝛿𝑘𝑗 ,

odd 𝑗,

𝑚∑︁
𝑖=1

(𝑧𝑘𝑖 + 𝑧𝑘,𝑠−𝑖)𝑃
′
𝑗(𝑐𝑖) = 𝛿𝑘𝑗 .

For odd 𝑠 = 2𝑚+ 1:

even 𝑗,
𝑚∑︁
𝑖=1

(𝑧𝑘𝑖 − 𝑧𝑘,𝑠−𝑖)𝑃
′
𝑗(𝑐𝑖) + 𝑧𝑘,𝑚+1𝑃

′
𝑗(𝑐𝑚+1) = 𝛿𝑘𝑗 ,

odd 𝑗,

𝑚∑︁
𝑖=1

(𝑧𝑘𝑖 + 𝑧𝑘,𝑠−𝑖)𝑃
′
𝑗(𝑐𝑖) + 𝑧𝑘,𝑚+1𝑃

′
𝑗(𝑐𝑚+1) = 𝛿𝑘𝑗 .
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Inverse matrix study, even 𝑠 = 2𝑚

For even 𝑠 = 2𝑚:

even 𝑗,

𝑚∑︁
𝑖=1

(𝑧𝑘𝑖 − 𝑧𝑘,𝑠−𝑖)𝑃
′
𝑗(𝑐𝑖) = 𝛿𝑘𝑗 ,

odd 𝑗,

𝑚∑︁
𝑖=1

(𝑧𝑘𝑖 + 𝑧𝑘,𝑠−𝑖)𝑃
′
𝑗(𝑐𝑖) = 𝛿𝑘𝑗 .

For odd 𝑘:

𝑧𝑘𝑖 = 𝑧𝑘,𝑠−𝑖,
𝑚∑︁
𝑖=1

2𝑧𝑘𝑖𝑃
′
𝑗(𝑐𝑖) = 𝛿𝑘𝑗 , odd 𝑗.

For even 𝑘:

𝑧𝑘𝑖 = −𝑧𝑘,𝑠−𝑖,
𝑚∑︁
𝑖=1

2𝑧𝑘𝑖𝑃
′
𝑗(𝑐𝑖) = 𝛿𝑘𝑗 ., even 𝑗.
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Inverse matrix study, even 𝑠 = 2𝑚

For even 𝑠 = 2𝑚:

even 𝑗,

𝑚∑︁
𝑖=1

(𝑧𝑘𝑖 − 𝑧𝑘,𝑠−𝑖)𝑃
′
𝑗(𝑐𝑖) = 𝛿𝑘𝑗 ,

odd 𝑗,

𝑚∑︁
𝑖=1

(𝑧𝑘𝑖 + 𝑧𝑘,𝑠−𝑖)𝑃
′
𝑗(𝑐𝑖) = 𝛿𝑘𝑗 .

For odd 𝑘:

𝑧𝑘𝑖 = 𝑧𝑘,𝑠−𝑖,
𝑚∑︁
𝑖=1

2𝑧𝑘𝑖𝑃
′
𝑗(𝑐𝑖) = 𝛿𝑘𝑗 , odd 𝑗.

For even 𝑘:

𝑧𝑘𝑖 = −𝑧𝑘,𝑠−𝑖,
𝑚∑︁
𝑖=1

2𝑧𝑘𝑖𝑃
′
𝑗(𝑐𝑖) = 𝛿𝑘𝑗 ., even 𝑗.
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Inverse matrix study, even 𝑠 = 2𝑚

For even 𝑠 = 2𝑚:

even 𝑗,

𝑚∑︁
𝑖=1

(𝑧𝑘𝑖 − 𝑧𝑘,𝑠−𝑖)𝑃
′
𝑗(𝑐𝑖) = 𝛿𝑘𝑗 ,

odd 𝑗,

𝑚∑︁
𝑖=1

(𝑧𝑘𝑖 + 𝑧𝑘,𝑠−𝑖)𝑃
′
𝑗(𝑐𝑖) = 𝛿𝑘𝑗 .

For odd 𝑘:

𝑧𝑘𝑖 = 𝑧𝑘,𝑠−𝑖,
𝑚∑︁
𝑖=1

2𝑧𝑘𝑖𝑃
′
𝑗(𝑐𝑖) = 𝛿𝑘𝑗 , odd 𝑗.

For even 𝑘:

𝑧𝑘𝑖 = −𝑧𝑘,𝑠−𝑖,
𝑚∑︁
𝑖=1

2𝑧𝑘𝑖𝑃
′
𝑗(𝑐𝑖) = 𝛿𝑘𝑗 ., even 𝑗.
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Inverse matrix study, odd 𝑠 = 2𝑚+ 1

For odd 𝑠 = 2𝑚+ 1:

even 𝑗,

𝑚∑︁
𝑖=1

(𝑧𝑘𝑖 − 𝑧𝑘,𝑠−𝑖)𝑃
′
𝑗(𝑐𝑖) + 𝑧𝑘,𝑚+1𝑃

′
𝑗(𝑐𝑚+1) = 𝛿𝑘𝑗 ,

odd 𝑗,

𝑚∑︁
𝑖=1

(𝑧𝑘𝑖 + 𝑧𝑘,𝑠−𝑖)𝑃
′
𝑗(𝑐𝑖) + 𝑧𝑘,𝑚+1𝑃

′
𝑗(𝑐𝑚+1) = 𝛿𝑘𝑗 .

For odd 𝑘:

𝑧𝑘𝑖 = 𝑧𝑘,𝑠−𝑖,
𝑚∑︁
𝑖=1

2𝑧𝑘𝑖𝑃
′
𝑗(𝑐𝑖) + 𝑧𝑘,𝑚+1𝑃

′
𝑗(𝑐𝑚+1) = 𝛿𝑘𝑗 , odd 𝑗.
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Inverse matrix study, odd 𝑠 = 2𝑚+ 1

For odd 𝑠 = 2𝑚+ 1:

even 𝑗,

𝑚∑︁
𝑖=1

(𝑧𝑘𝑖 − 𝑧𝑘,𝑠−𝑖)𝑃
′
𝑗(𝑐𝑖) + 𝑧𝑘,𝑚+1𝑃

′
𝑗(𝑐𝑚+1) = 𝛿𝑘𝑗 ,

odd 𝑗,

𝑚∑︁
𝑖=1

(𝑧𝑘𝑖 + 𝑧𝑘,𝑠−𝑖)𝑃
′
𝑗(𝑐𝑖) + 𝑧𝑘,𝑚+1𝑃

′
𝑗(𝑐𝑚+1) = 𝛿𝑘𝑗 .

For even 𝑘:

𝑧𝑘𝑖 = −𝑧𝑘,𝑠−𝑖, 𝑧𝑘,𝑚+1 = 0,
𝑚∑︁
𝑖=1

2𝑧𝑘𝑖𝑃
′
𝑗(𝑐𝑖) = 𝛿𝑘𝑗 ., even 𝑗.
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Inverse matrix study

Thank you for your attention!

https://github.com/shvak/collo
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Inverse matrix study

Thank you for your attention!

https://github.com/shvak/collo
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