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Tasks and obje
tives

Approa
hes of asteroids to planets

• More than a million asteroids are 
urrently known.

• A number of asteroids experien
e 
lose approa
hes to planets.

Possible events: 
ollision with a planet, destru
tion of an asteroid.

• Close approa
hes a�e
t further orbital and rotational dynami
s of the

asteroid.

Main goals

• To investigate in detail the rotational dynami
s of an asteroid during its 
lose

approa
h to the Earth.

• Determine the 
hara
teristi
 values of perturbations in the rotational

dynami
s of an asteroid due to its 
lose approa
h to the Earth.

• To estimate the in�uen
e of the problem parameters on estimations the

magnitude of disturban
es in the rotational dynami
s of asteroid during its


lose approa
h to the Earth.
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Distribution of the rotation period measurements of NEAs

Distribution of the rotation period of Near-Earth Asteroids (NEAs), together with

the rotational disruption limit of 2.2 h and the dependen
e of P (D) on the diameter
(�gure from Fenu

i et al., 2024).

P (D) = 5.6 h, D ≥ 200 m.

P (D) = 5.6 h ( D

0.2 km
)2, D < 200 m.
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Two groups of Near-Earth Asteroids

• Slowly rotating asteroids (D = 100�1000 m, P = 10�100 h).

• Small asteroids with fast rotation (D < 100 m, P < 1 h).
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Basi
 assumptions. Formulation of the problem

The asteroid is an absolutely rigid body, having the shape of a triaxial ellipsoid with

the main 
entral moments of inertia A < B < C. When modeling the rotational

dynami
s of an asteroid, we 
onsidered its motion along a �xed hyperboli
 orbit

relative to the Earth with the parameters: d = a(e − 1), e (based on ephemeris

NASA JPL

1

).

The orientation of the asteroid and its rotation speed at the initial moment of time

were spe
i�ed by the Euler angles θ, ϕ, ψ and the angular velo
ity ve
tor ~ω. Using
the DOP853

2

integrator, dynami
 and kinemati
 Euler equations were integrated.

The following values were determined

∆P = Pfinal − P0, ∆γ = γfinal − γ0,

where P0 = 2π/ωc is the period of rotation of the asteroid at the initial point;

Pfinal = 2π/|~ω| is the period of rotation of the asteroid at the �nal point; γ is

the angle between the rotational axis and the normal to the orbital plane; ~ω =
(ωa, ωb, ωc) is angular velo
ity ve
tor in the 
oordinate system rigidly 
onne
ted to

the asteroid body; ωa = ωb = 0 and θ = ψ = 0, ϕ ≡ γ0 at the initial time.

1

https://ssd.jpl.nasa.gov/horizons/

2

E. Hairer et al., Solving Ordinary Di�erential Equations I: Nonsti� Problems, 1993
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Near-Earth asteroids: Apophis, 2012TC4, Duende and 2023BU

(99942)Apophis

• Dis
overed: June 19, 2004 (R.A.Tu
ker et al., Kitt Peak, Arizona).

• Diameter: ≈ 340 m.

• Next 
lose approa
h to Earth: April 13, 2029.

• Minimum expe
ted distan
e: 38 200 km (≈ 6RE).

• Period of rotation: 30.6 h.

2012TC4

• Dis
overed: O
tober 2012 (Pan-STARRS1).

• Diameter: ∼ 10 m.

• Close approa
h to the Earth: O
tober 2012 and O
tober 2017.

• Distan
e: 95 000 km (≈ 15RE) è 50 000 km (≈ 8RE).

• Period of rotation: 12 min.

(367943) Duende (D ≈ 30 m, P ≈ 8 h), 2023BU (D ∼ 10 m, P ≈ 2 min).
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Changes in the rotation period
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Changes in the rotation period of an asteroid as it approa
hes the Earth for di�erent

parameter values: d (left) and P0 (right). The thi
k red 
urve 
orresponds to the

approximate value of d (or P0), at whi
h ∆P = 0. The dotted red 
urve 
orresponds
to the value of parameter for Apophis (Prave
 et al., 2014). Moment of time t = 0

orresponds to the asteroid passing the approa
h point.
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In�uen
e of the orbit (Apophis)
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Dependen
es of ∆P and ∆γ for Apophis due to its approa
h to the Earth in 2029 on
the orbital parameters d = a(e−1) (within Earth's radii) and e. The 
ross indi
ates

urrent position of Apophis (d = 5.96, e = 4.26).
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In�uen
e of the orbit (Duende)
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es of ∆P for Duende due to its approa
h to the Earth in 2013 on the

orbital parameters d = a(e− 1) (within Earth's radii) and e; (d = 5.34, e = 4.22).
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In�uen
e of the orbit (2012TC4)
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Dependen
es of ∆P and ∆γ for 2012 TC4 due to its approa
h to the Earth in 2017

on the orbital parameters d = a(e − 1) (within Earth's radii) and e. The 
ross

indi
ates 
urrent position of 2012 TC4 (d = 7.86, e = 6.36).
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In�uen
e of the initial rotational state (Apophis)
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Dependen
es of ∆P and ∆γ for Apophis due to its approa
h to the Earth in 2029

on the possible initial (before the moment of approa
h) values of P0 and γ0. The

ross indi
ates 
urrent position of Apophis (Prave
 et al., 2014).

Most probable: |∆P | = 10�15 h, |∆γ| ∼ 10◦.
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In�uen
e of the initial rotational state (2012TC4)
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Dependen
es of ∆P and ∆γ for 2012 TC4 due to its approa
h to the Earth in 2017

on the possible initial (before the moment of approa
h) values of P0 and γ0. The
triangles indi
ates 
urrent position of 2012 TC4 (Lee et al., 2021).

Most probable: |∆P | ∼ 10−5
min, |∆γ| ∼ 0.01◦.
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In�uen
e of the �gure on ∆P and ∆γ

The �gure of small asteroids is usually unknown or poorly de�ned. We studied the

in�uen
e of the asteroid's �gure (whi
h may be des
ribed through its moments of

inertia A < B < C) on ∆P and ∆γ.

For the 
ase of a triaxial ellipsoid (a > b > c) of uniform density we have:

A

C
=
b2 + c2

a2 + b2
,

B

C
=
a2 + c2

a2 + b2
,

c

b
=

√

−1 + A/C +B/C

1 + A/C − B/C
,

b

a
=

√

1 + A/C − B/C

1− A/C + B/C
.

By varying c/b and b/a, we 
onsider all possible values of A/C and B/C.
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In�uen
e of the �gure (Apophis)
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Dependen
es of∆P 
hange in rotational period and∆γ 
hange in angle 
hara
terizing
the deviation of the rotational axis from the normal to the orbital plane, for the

asteroid Apophis due to its approa
h to the Earth in 2029, from the parameters

c/b and b/a, 
hara
terizing the �gure of the asteroid. The 
ross indi
ates possible

position of the asteroid (Prave
 et al., 2014).
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In�uen
e of the �gure (2012TC4)
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es of∆P 
hange in rotational period and∆γ 
hange in angle 
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terizing
the deviation of the rotational axis from the normal to the orbital plane, for the

asteroid 2012TC4 due to its approa
h to the Earth in 2017, from the parameters

c/b and b/a, 
hara
terizing the �gure of the asteroid. The 
ross indi
ates possible

position of the asteroid (Lee et al., 2021).

15 / 19



Yarkovsky e�e
t: qualitative des
ription

S
hemati
 representation of the diurnal (a) and seasonal (b) Yarkovsky e�e
t (�gure

from Bottke et al., 2006). The 
ause of the Yarkovsky e�e
t is the non-zero thermal

inertia of the body.
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In�uen
e of perturbations on the Yarkovsky e�e
t
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2 − A0
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h 
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terizes the


hange in the magnitude of the Yarkovsky e�e
t, on the possible initial (before the

moment of approa
h) values of P0 and γ0 for Apophis during its approa
h to the

Earth in 2029. The 
ross indi
ates possible position of the asteroid (Prave
 et al.,

2014). Right: The same for asteroid 2012 TC4 during its approa
h to the Earth in

2017. The triangles indi
ate possible positions of asteroids (Lee et al., 2021).
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Con
lusion

• Our numeri
al modeling of small asteroids approa
hing the Earth has shown

that signi�
ant perturbations in the rotational dynami
s of an asteroid take

pla
e only when it approa
hes the planet at a distan
e of less than 10 Earth

radii.

• In 
ase of asteroids with the rotational period P > 5 h en
ounters with the

Earth may lead to noti
eable 
hanges in the rotational speed and the orientation

of the rotational axis. In addition, pre
ise knowledge of the asteroid �gure is

needed for the a

urate estimation of the perturbation value.

• On the 
ontrary, for the asteroids with fast rotation (P < 1 h) perturbations

in the rotational motion are negligible, and the �gure of an asteroid has little

in�uen
e on their value.

• Perturbations in rotation arising due to the approa
h to the Earth will a�e
t

the magnitude of the Yarkovsky e�e
t for asteroids with slow rotation and will

be unnoti
eable in the 
ase of asteroids with very fast rotation.

A
knowledgements: The study was funded by a grant Russian S
ien
e Foundation �23-22-00306,

https://rs
f.ru/proje
t/23-22-00306/.
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Ïðèëîæåíèå

Äèíàìè÷åñêèå óðàâíåíèÿ Ýéëåðà:

A
dωa

dt
− ωbωc(B − C) = − 3

GM

r3
βγ(B − C),

B
dωb

dt
− ωcωa(C − A) = − 3

GM

r3
γα(C − A),

C
dωc

dt
− ωaωb(A−B) = − 3

GM

r3
αβ(A−B), (1)

ãäå G � ãðàâèòàöèîííàÿ ïîñòîÿííàÿ; M � ìàññà Çåìëè; ωa, ωb, ωc � ïðîåêöèè

âåêòîðà óãëîâîé ñêîðîñòè âðàùåíèÿ àñòåðîèäà ~ω íà îñè a, b, c; r = a(e2−1)/(1+
e cos f) � ðàññòîÿíèå �àñòåðîèä � Çåìëÿ�, ãäå a � áîëüøàÿ ïîëóîñü îðáèòû,

e > 1 � ýêñöåíòðèñèòåò, f � èñòèííàÿ àíîìàëèÿ; α, β, γ � íàïðàâëÿþùèå

êîñèíóñû ãëàâíûõ îñåé èíåðöèè îòíîñèòåëüíî íàïðàâëåíèÿ íà Çåìëþ.
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Ïðèëîæåíèå

Êèíåìàòè÷åñêèå óðàâíåíèÿ Ýéëåðà è âûðàæåíèÿ äëÿ íàïðàâëÿþùèõ

êîñèíóñîâ:

dθ

dt
=

ωc cosψ − ωa sinψ

cos φ
,

dφ

dt
= ωa cosψ + ωc sinψ,

dψ

dt
= ωb − (ωc cosψ − ωa sinψ) tg φ, (2)

α = cos(θ − f) cosψ − sin(θ − f) sinφ sinψ,
β = − sin(θ − f) cosφ,
γ = cos(θ − f) sinψ + sin(θ − f) sinφ cosψ. (3)
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Ïðèëîæåíèå

Ïðè ïðîñòðàíñòâåííîì âðàùåíèè àñòåðîèäà â êèíåìàòè÷åñêèõ óðàâíåíèÿõ Ýé-

ëåðà ïðèñóòñòâóåò ñèíãóëÿðíîñòü ïðè φ = ±π/2. ×òîáû èçáàâèòüñÿ îò ñèíãó-

ëÿðíîñòè, ïðè ÷èñëåííîì èíòåãðèðîâàíèè ìû âìåñòî óãëîâ Ýéëåðà èñïîëüçîâà-

ëè ïåðåìåííûå �îäðèãà��àìèëüòîíà λ0, λ1, λ2, λ3, ñâÿçàííûå ñ óãëàìè Ýéëåðà

ñëåäóþùèìè ñîîòíîøåíèÿìè:

λ0 = cos
θ

2
cos

φ

2
cos

ψ

2
− sin

θ

2
sin

φ

2
sin

ψ

2
,

λ1 = cos
θ

2
sin

φ

2
cos

ψ

2
− sin

θ

2
cos

φ

2
sin

ψ

2
,

λ2 = cos
θ

2
cos

φ

2
sin

ψ

2
+ sin

θ

2
sin

φ

2
cos

ψ

2
,

λ3 = cos
θ

2
sin

φ

2
sin

ψ

2
+ sin

θ

2
cos

φ

2
cos

ψ

2
. (4)
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Ïðèëîæåíèå

Ïåðåìåííûå �îäðèãà��àìèëüòîíà (��) ÿâëÿþòñÿ ðåãóëÿðíûìè âî âñåé îáëàñòè

çàäàíèÿ λi ∈ [−1, 1], i = 0, . . . , 3. Ïðè èñïîëüçîâàíèè ïåðåìåííûõ �� âìåñòî

êèíåìàòè÷åñêèõ óðàâíåíèé Ýéëåðà (2), ïðåäñòàâëÿþùèõ ñîáîé ñèñòåìó èç òðåõ

óðàâíåíèé, ìû èìååì ñèñòåìó èç ÷åòûðåõ äè��åðåíöèàëüíûõ óðàâíåíèé:

dλ0

dt
= −1

2
(λ1ωa + λ2ωb + λ3ωc),

dλ1

dt
=

1

2
(λ0ωa − λ3ωb + λ2ωc),

dλ2

dt
=

1

2
(λ3ωa + λ0ωb − λ1ωc),

dλ3

dt
= −1

2
(λ2ωa − λ1ωb − λ0ωc). (5)

Íàïðàâëÿþùèå êîñèíóñû â ïàðàìåòðàõ �îäðèãà��àìèëüòîíà èìåþò âèä

α = (λ20 + λ21 − λ22 − λ23) cos f + 2(λ0λ3 + λ1λ2) sin f,
β = 2(λ1λ2 − λ0λ3) cos f + (λ20 − λ21 + λ22 − λ23) sin f,
γ = 2((λ0λ2 + λ1λ3) cos f + (λ2λ3 − λ0λ1) sin f). (6)
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Ý��åêò ßðêîâñêîãî (Ýß): àíàëèòè÷åñêîå îïèñàíèå

Äëÿ âû÷èñëåíèÿ ñêîðîñòè èçìåíåíèÿ âåëè÷èíû áîëüøîé ïîëóîñè àñòåðîèäà ïîä

âëèÿíèåì Ýß íåîáõîäèìà êàñàòåëüíàÿ êîìïîíåíòà âîçìóùàþùåé ñèëû fY . Â
ïðåäïîëîæåíèè îá îêîëîêðóãîâîé îðáèòå îáùàÿ �îðìóëà äëÿ ñðåäíåé ñêîðîñòè

èìååò âèä

da

dt
=

2fY

n
, (7)

ãäå n � ñðåäíåå äâèæåíèå àñòåðîèäà. Ñóììàðíàÿ âåëè÷èíà Ýß ñêëàäûâàåòñÿ

èç ñóòî÷íîé è ñåçîííîé êîìïîíåíò. Â îáîèõ ñëó÷àÿõ ìû áóäåì èìåòü äåëî ñ

âûðàæåíèåì âèäà

fY =
2

ρR

εσT 4

c

∆Tν

T
f̃(γ), (8)

ãäå ρ � ïëîòíîñòü àñòåðîèäà, R � ðàäèóñ îäíîðîäíîãî øàðà ñ îáúåìîì, ðàâ-

íûì îáúåìó àñòåðîèäà, ε � èçëó÷àòåëüíàÿ ñïîñîáíîñòü ïîâåðõíîñòè àñòåðîèäà,

σ � ïîñòîÿííàÿ Ñòå�àíà�Áîëüöìàíà, c � ñêîðîñòü ñâåòà, ∆T � ðàçíîñòü òåì-

ïåðàòóð ìåæäó íàèáîëåå è íàèìåíåå íàãðåòîé ÷àñòÿìè ïîâåðõíîñòè àñòåðîèäà,

f̃(γ) � íåêîòîðàÿ �óíêöèÿ óãëà γ ìåæäó îñüþ âðàùåíèÿ àñòåðîèäà è ïåð-

ïåíäèêóëÿðîì ê ïëîñêîñòè åãî îðáèòû, T � ñðåäíÿÿ òåìïåðàòóðà àñòåðîèäà,

âû÷èñëÿåìàÿ ïî �îðìóëå

T 4 =
αS

4εσ
,

ãäå α� êîý��èöèåíò ïîãëîùåíèÿ íà ïîâåðõíîñòè àñòåðîèäà, S = 1370
Âò

ì

2

(a⊕

a

)2
�

ïîòîê ñîëíå÷íîé ýíåðãèè äëÿ àñòåðîèäà ñ áîëüøîé ïîëóîñüþ a, a⊕ � áîëüøàÿ

ïîëóîñü çåìíîé îðáèòû.
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Ñóòî÷íûé ý��åêò ßðêîâñêîãî

Äëÿ ñóòî÷íîãî ý��åêòà ßðêîâñêîãî ïîëàãàþò:

f̃(γ) = cos γ,
∆Tω

T
= 0.667

Θω

1 + 2.03Θω + 2.04Θ2
ω

, (9)

ãäå ïàðàìåòð

Θω =

√
ρCKω

2πεσT 3
(10)

õàðàêòåðèçóåò îòíîøåíèå âðåìåíè òåìïåðàòóðíîé ðåëàêñàöèè ê ðàññìàòðèâàå-

ìîìó ïåðèîäó âðåìåíè (â ñëó÷àå ñóòî÷íîãî Ýß áåðåòñÿ ïåðèîä âðàùåíèÿ àñòå-

ðîèäà P ); C � óäåëüíàÿ òåïëîåìêîñòü àñòåðîèäà, K � êîý��èöèåíò òåïëîïðî-

âîäíîñòè, ρ � ñðåäíÿÿ ïëîòíîñòü àñòåðîèäà, ω = 2π/P � ÷àñòîòà âðàùåíèÿ

àñòåðîèäà.

Ñóòî÷íûé Ýß áóäåò ïðèâîäèòü ê da/dt > 0 äëÿ íàêëîíîâ îñè âðàùåíèÿ 0 < γ <
π/2 (ïðîãðàäíîå äâèæåíèå: íàïðàâëåíèÿ âðàùåíèÿ è îðáèòàëüíîãî äâèæåíèÿ

àñòåðîèäà ñîâïàäàþò) è da/dt < 0 äëÿ π/2 < γ < π (ðåòðîãðàäíîå äâèæåíèå).

Äëÿ áîëüøèõ çíà÷åíèé ïàðàìåòðà Θω ≫ 1 (ìàëûõ çíà÷åíèé P ) ñïðàâåäëèâî
ñîîòíîøåíèå

∆Tω

T
∼ Θ−1

ω ∼
√
P ,

ò. å. âîçìóùàþùàÿ ñèëà ñòðåìèòñÿ ê íóëþ.
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Ñåçîííûé ý��åêò ßðêîâñêîãî

Äëÿ ñåçîííîãî Ýß ïîëàãàþò: f̃(γ) = − sin2 γ è da/dt ≤ 0 ïðè ëþáîì óãëå íà-

êëîíà îñè âðàùåíèÿ àñòåðîèäà. Òåìïåðàòóðíûé ìíîæèòåëü èìååò âèä

∆Tn

T
=

1

3

1

1− τ
An sin δn , (11)

ãäå τ =
πls

2R
Θn, ïàðàìåòð Θn âû÷èñëÿåòñÿ àíàëîãè÷íî ñóòî÷íîìó ñëó÷àþ (ñì.

(10)) ñ çàìåíîé ÷àñòîòû ω íà ñðåäíåå äâèæåíèå àñòåðîèäà n, à âåëè÷èíà ls =
√

K/ρCn ïðåäñòàâëÿåò ñîáîé õàðàêòåðíóþ ãëóáèíó ïðîíèêíîâåíèÿ òåïëîâîé

âîëíû. Ìíîæèòåëü An sin δn, (An � àìïëèòóäà, δn � �àçà ãàðìîíèêè, ñîîòâåò-

ñòâóþùåé ÷àñòîòå ν = n) íàõîäèòñÿ èç ðåøåíèÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè.

Ñóììàðíàÿ âåëè÷èíà Ýß âû÷èñëÿåòñÿ ïî �îðìóëå

da

dt
=

2

n

(

f
(d)
Y

+ f
(s)
Y

)

, (12)

ãäå f
(d)
Y

è f
(s)
Y

âû÷èñëÿþòñÿ ïðè ïîìîùè óðàâíåíèÿ (8) ñ ó÷åòîì âûðàæåíèé

(9) è (11) äëÿ òåìïåðàòóðíîãî ìíîæèòåëÿ â ñëó÷àÿõ ñóòî÷íîãî è ñåçîííîãî Ýß

ñîîòâåòñòâåííî.
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Ïàðàìåòð A2

Ïåðåéäåì îò âåëè÷èíû da/dt ê ïàðàìåòðó A2, ñâÿçü êîòîðîãî ñ da/dt äàåòñÿ
ñëåäóþùåé �îðìóëîé:

da

dt
=

2a
√
1− e2

nr
A2 g(r), (13)

ãäå g(r) � íåêîòîðàÿ �óíêöèÿ ãåëèîöåíòðè÷åñêîãî ðàññòîÿíèÿ r: g(r) = (r0/r)d,
ãäå r0 = 1 à.å. � íîðìàëèçóþùèé ïàðàìåòð, à çíà÷åíèå ïîêàçàòåëÿ d äëÿ áîëü-

øèíñòâà ÀÑÇ çàêëþ÷åíî â ïðåäåëàõ îò 2 äî 3 è ñëàáî âëèÿåò íà âåëè÷èíó da/dt.
Îáû÷íî ïðèíèìàþò d = 2.

Â ñëó÷àå êðóãîâîé îðáèòû: e = 0 è r = a. Òîãäà �îðìóëà (13) ïðèíèìàåò âèä

da

dt
=

2

n
A2 g(r), (14)

à ñ ó÷åòîì (8) ïîëó÷àåì

A2 =
fY

g(r)
= fY ·

( a

1 à.å.

)2
. (15)
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