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Spatial-kinematic modeling. |

Spatial-kinematic modeling of our Galaxy, the Milky Way, is an
analysis of kinematics that allows the kinematic parameters of the
centroid of Galactic objects or diffuse matter to depend on the
spatial position of the centroid.
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Spatial-kinematic modeling. Il

Composition of the kinematic model:

@ the residual motion of the Sun (Vg);

o the differential rotation of the Galaxy, which means that
w(R) # const is a decreasing function, where w is the angular
velocity of rotation, R is the Galactoaxial distance;

e the (natural) dispersion of the velocities of objects relative to
the (average) kinematic model;

o the effect of the spiral structure;

@ the effect of a non-axisymmetric bar;
@ and others.

In this work, we limit ourselves to the first three, basic effects. For
other components of the model, either there is no analytical model
(bar), or its realism has not been proven (the effect of the spiral
structure). But there are enough problems with the first three
components, and it is better to start exploring more subtle effects
after these problems are mostly solved.
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Spatial-kinematic modeling. IlI

Problems of spatial-kinematic modeling:

@ the problem of choosing the general view of the rotation
(kinematic) model of the Galaxy;

e statistically justified exclusion of outliers in the data;

@ correct algorithm for using the proper motions of reference
objects (objects of the selected subsystem);

@ separation of measuring and natural velocity dispersions;
determination of velocity ellipsoid parameters;

@ accounting for the uncertainty of reference distances.

I. I. Nikiforov 4D modeling of the kinematics of a Galactic subsystem



Spatial-kinematic modeling. IV

In addition to the research issues, spatial-kinematic modeling makes
it possible to directly determine a number of fundamental
characteristics:

@ the distance from the Sun to the center of the Galaxy Ry;

@ the rotation curve O(R), where 6 is the linear velocity of
rotation;

@ the angular and linear velocities of rotation on the solar circle
6o = 0(Ro) and wy = w(Ry), respectively;

@ parameters of the residual motion of the Sun,
(uo,ve,we) = Vo;

@ the angular and linear velocities of the Sun's rotation around
the center of the Galaxy, 0 and wg), respectively;

@ other derived characteristics.
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Spatial-kinematic modeling. V

The Galaxy is a complex system of nested components and
subsystems.

Components (in the first approximation):
disk, halo, central component (bar/bulge).

Subsystems are distinguished according to the astrophysical nature
of objects/matter, which. . .
@ determines the very possibility of obtaining for each object the

observational data necessary for conducting spatial and
kinematic modeling —

e coordinates, i.e., Galactic longitude [ and latitude b;

e velocity characteristics, i.e., heliocentric velocity V,., proper
motion in longitude y; and latitude p, (directly o, ps);

o heliocentric distance r;

@ gives reason to expect that the selected subsystem is
homogeneous in terms of spatial and kinematic properties.
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Spatial-kinematic modeling. VI

Subsystems, even belonging to the same component, differ in
spatial distribution, origin, age, metallicity and, consequently,
kinematics, therefore it is meaningful to model the kinematics of a
homogeneous subsystem or take into account the heterogeneity of
the sample. Otherwise, we will get «the average temperature in the
hospital», which does not represent any of the subsystems.

Only Ry, 0, and ws can be considered universal characteristics.

When developing a new method, the simplest option is a
homogeneous subsystem, so we start with it.
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Model in general form. |

Definitions.

The model velocity of a given object is called the velocity of the
centroid of objects of this type, calculated for the position of this
object.

The Subsystem Standard of Rest (SSR), generally not local, is a
heliocentric reference frame that moves around the center of the
Galaxy in a circle with a velocity equal to the average azimuthal
velocity of the objects of the subsystem currently located in the
region of the solar ring (in the vicinity of the solar circle R = Ry).

The Local Standard of Rest (LSR) is the standard of the circular
orbit in the axisymmetric (or azimuthally smoothed) potential of
the Galaxy, determined by objects in the small vicinity of the Sun.
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Model in general form. Il

Assuming a cylindrical model of rotation of centroids of objects
around the center of the Galaxy, the model values of the velocity
components of the object with coordinates [, b and  are as follows.

V;",mod = V;“,rot + V;”,Q )
Virot = [w(R) — wo]Rp sinl cos b, (1)
Vro = —u@ coslcosb — v sinl cos b — we sin b;
k:ug,mod = kiu’g,rot + k:ug,(a 5
Ry cosl
e = (1) ~ ]

ko = (uesinl — v cosl)/r;

— cos b) —wpcosbh, (2)

kub,mod = kub,rot + kﬂb,@ ,
R
Epip ror = —[w(R) — WO]TO sinlsinb, (3)

kpp o = (ue coslsinb + ve sinlsinb — wg cos b) /1;
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Model in general form. IlI

lzﬂcosb— cosb _ 4 s
:ul—dt = ) /-Ll—dt7 Mb—dta
k = 4.7406 is the coefficient of conversion mu [mas/yr] in mu

[km/s/kpc] for r [kpc];

R(r) = \/R% + 72 cos? b — 2Ryr cos cos b; (4)

Ue, Ve, We are the components of the residual velocity of the Sun,
i.e., the components of the Sun's motion relative to the SSR in the
directions (I,b) = (0°,0°), (I,b) = (90°,0°), and b = 90°,
respectively.
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Conventional fitting: The least squares method.

1D fitting:

N
winS {W(—V]} | (5)
j=1

ov, )}

N is the sample size.

3D fitting:

/ / 2
mlnz { mod] + ['U’l,j - Iul,;nod] 4 [,Ub,j - Mb,mod]2 } .

UVr) (Uu;)j (Uub )32
(6)

But V;",mod = Vr,mod(T)v Iu;,mod = /Lg,mod (T)v Hb,mod = Nb,mod(r)
— Optimizations (5) and (6) are tasks with internal noise
= Systematic bias of the results.
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Conventional fitting: The least squares method. I

This problem became especially relevant after the appearance of
mass joint determinations of proper motions and trigonometric
parallaxes—e.g., catalogs of maser sources (Reid et al. 2019; VERA
Collaboration, Hirota et al. 2020), the Gaia catalog (Gaia
Collaboration, Vallenari et al. 2023)

Distant characteristic.
e Distance modulus (relative, i.e., photometric, distances):
d=m— M, r [kpc] = 109242,
e Trigonometric parallax (absolute distances):
r [kpc] = 1/w [mas].
A common problem of spatial-kinematic modeling: reference objects
must be distant — random errors of reference distances are also
large:

In10 9 In10 o4 [mag]
Op = —F—0qT, Op =0T, Terit =~ — 1.

(7)

5 0 [mas]
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Approximation of the law of rotation (w(R) — wy). |

In the case of a planar subsystem, the linear rotation velocity of the
centroids # = wR can be considered a function that depends only
on the Galactoaxial distance R: § = 6(R).

Since the rotation curves of the outer galaxies are flat over a large
range of radii, we use a model in the form of a Taylor polynomial to
represent precisely ¢(R) [and not w(R)]:

—~ 0; i do
Ou(R) =Y S (ARY, nz21, 6= =
i=0

, (8)

R=Ry

ARER—R().

e (3)-

1

1
~ |:90+91AR+292(AR)2+ +E

0, (AR)" — woR] R7Y
(9)
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Approximation of the law of rotation (w(R) — wy). Il

90 - WOR == woRo - LL)OR == —WOAR,

n
9@' I —
(w—wp) =~ [(91 —wo)AR + Z ] (AR)'| R L (10)
i=2
Let's introduce the Oort constant:
1 , 1 d(0/R) 1
=—- =_= = — (0 —wp). (11
A= —5 Row'(Ro) 5T — o - 501 —wo). (11)

Then
- 91 i _
(w—wp) =~ <—2AAR+ZZ,!(AR) > R (12)
i=2
01 = —24 + wp. (13)
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Approximation of the law of rotation (w(R) — wy). Il

T.(AR) = —2AAR + Z; — (AR)" (14)
Virot = Tn(AR) % sinl cos b,

Ry cosl

ki) or = Tn(AR) < — cos b) R~ —wycosb, (15)

kpy ot = Th(AR) % sinsinb.
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Dispersions of velocity characteristics. |

Natural (dynamic) dispersion of the velocities:
the velocity ellipsoid (o g, 09,07).
(ov,)] = (v,)] + (07,)5,
(o) = G2+ (22 (16)
()5 = ()] + (03,)7,
2

where 6j are the measuring variance,
03% = (13, bj,7|0R, 09,02, Ro) are contributions of natural

j
dispersion:
J{‘}z = 0% cos? @ cos b + og sin? p cos® b + 0% sin? b,
0‘*42 = 0% sin? ¢ 4 of cos? ¢, (17)
a?}f = 0% cos? psin® b + of sin? psin® b + 0% cos? b.
* *
o o
* Vi * |
o= o, = . 18
C T o oy (18)
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Dispersions of velocity characteristics. |l

@ is an angle with a vertex at the point of projection of the object
on the Galactic plane between the direction to the center of the
Galaxy and the line [ = const, b = 0° (between the projections of
the major axis of the velocity ellipsoid and the ray of view on the
plane of the Galaxy); the angle ¢ is counted counterclockwise when
viewed from the North Pole of the Galaxy:

. Rysinl
= — 1
sin R(r) (19)
Rgpcosl —rcosb
cosp = —2 R0 (20)

Conclusion:

A complete solution to the problem, including consideration of all
four measurement uncertainties and determination of natural
velocity dispersions, is possible only within the framework of the
maximum likelihood method.
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4D fitting. |

Reid+ (2009) attempted to account for the uncertainty of the
parallaxes in the framework of the method of least squares,
evaluating model parallax by radial velocity, but then, faced with
difficulties —

Reid+ (2014, 2019) abandoned this approach and returned to the
usual “velocity-only” fitting. However, the uncertainty of the
distance for many masers turns out to be too large to be ignored.

Rastorguev+ (2017,..) take into account the uncertainty of
distances within the framework of the maximum likelihood method
(MLM) by including partial derivatives of the first order in distance
for velocities in the covariance matrix. However, such accounting
ignores the non-Gaussian distribution of errors in distances and is
suitable only for small uncertainties of the latter.
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4D fitting. Il

A more perfect idea is the individual reduction of heliocentric
distances by including distributions of distant characteristics of
objects in the likelihood function.

@ Pont+ (1994) applied this approach to photometric distances,
using only radial velocities, and while fixing the parameters of
the velocity ellipsoid.

@ Aghajani & Lindegren (2013); Ding+ (2019): the same
approach within the MLM in the case of involving proper
motions and parallaxes. However, the analytical solution given
by these authors for the reduced (corrected) parallaxes is
approximate and can only be applied with small parallax errors.
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4D fitting. Il

Let the distances r be determined by the trigonometric parallax
method: » = 1/w, where w — the measured parallax value with
the average measurement error 0. Then the likelihood function in
the case of modeling the 3D velocity field is the product of four
probability densities corresponding to the normally distributed
random variables V., p, pp and w:

1 - [VT'J — Vi mod (WOJ)F
U p{ 2(0v,)2 }X
[Mf,j - ME,mod(WO,j)F }

1
X exp
V2r(ou); { 2(ow)3

N

L=

1 (15,5 — Hb,mod (w0,5)]? } 1 { (@; — @0,5) }
oo, Voo, L 2%,
(21)
where V;.;, 1 ;. p,j and wo; are the catalog (measured) values of
Vi, 1.ty and wo for the j-th object;
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4D fitting. IV

wy,; is the reduced parallax value of the j-th object;

2
HUJ‘ ~ N(wj, g

w,j)'

The triple of values (I, b;, ;) defines the point of the
(non-orthogonal) projection of the object onto the kinematic model
(rotation curve), taking into account all uncertainties.

£0)

E(l)

L= —InL =LY+ £D(a),

N
=4NInv2r + Z [lnog ;] = const,

N
Z {ln ov,(@o,1)lj + Info (wo,)]; + Infoy, (Wo,j)]j} +

[Uub(WO,J)E 0-12%]'

Lom o Vi = Vamoa(@0)]® 5 = Mimoa(Z0.0))
+ = Z min 5 + 3

2 = w0, ; [UVT (’WOJ‘)]]- [O-Mf (w()tj)]j
+ [,Uby Mo, mod(”vUoJ)]2 + (Wj - W(),j)Q }
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4D fitting. V

4D fitting:
£M(a) — min, (23)

a= (Ro,wo, A, 02, ..., Oy, ue,ve,ws,0R,0p,0z) is the vector of
model parameters.
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Algorithm. |

@ Level I. The solution for n = const and a fixed sample of
N objects.

@ Level Il. Optimization of the order of the model rotation curve
(Nikiforov 1999a,b).
The dependence of the characteristics that reflect the quality
of the solution on the order of the model: o%(n) [£M)(n),
o3(n), etc.]
We are looking for a set of acceptable orders {n,}, which
includes consecutive values of n according to the rule

o?(n) ~ const ¥ n € {7y} (24)

Then these values of 72, are strictly limited from above to the
minimum of the orders of n, in which. ..
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Algorithm. [l

1) all coefficients of 6; become insignificant:
09,/0; 205 V2<i<n (25)

(special t-criterion for testing the hypothesis Hy: 6; = 0 for
the significance level of 0.05);
2) the significance of the higher coefficient 6,, decreases to the
level of 1o
09, /0n 2 1; (26)
3) the ©,(R) model turns out to be clearly unrealistic at the
edges of the R interval.
After applying all the constraints to the set of acceptable
models with orders of {n,} (as as a rule, from one to three)
fall into the simplest models of the rotation curve possible. If
{no} consists of a single element, then this value is taken as
optimal, no. Then the final results are those that were
obtained for n = ng. If there are more than one valid orders,
then some kind of averaging procedure may be needed for
some parameters.
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Algorithm. Ill

o Level Ill. Level Ill. Exclusion of outliers.
For results obtained in a fixed acceptable order 715, objects
with redundant residuals are searched and excluded.
We use a flexible algorithm for excluding objects with large
residuals.
o One-dimensional algorithm (Nikiforov 2012).

@ For a given sample size N, the value of k is calculated, which
satisfies the equation

[1—9¢]N =1, (27)

where 1(z) is probability integral:

i
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Algorithm. IV

@ We determine the number of objects L of this sample that
meet the conditions

151 > K. (29)

0j

The mathematical expectation of this number is equal to one
with a normal distribution of residuals. A larger number of
such objects may be considered as redundant with one or
another probability.

@ If L > 1, then L — L’ objects with the largest residual
modules are excluded from further consideration, where
L' > 1 is a parameter of this algorithm.

@ To the remaining objects, i.e., in particular, when L = 1, the
following criterion is applied: objects with residuals

als ey, (30)

g3
are excluded, where k., is the root of the equation
1= (k)Y =1, (31)

here ~ is the accepted significance level. We used v = 0.05
(approximately the significance level 20).
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Algorithm. V

o Generalization of one-dimensional algorithm to a
four-dimensional field of residuals based on statistics x3.

[‘/r,j - ‘/vr}mod(wo,j)]Q + [ﬂ;,j - /u‘;,mod(’(ﬂo,jﬂ2

Zj = +
(ov,)3 2 (0u)3 2 (32)
n [, — ,Ufb,mod2(w0,j” n (w; _2w0,j) .
(Uub)j 0,j
[1— Fy(k)]N =1, (33)
1— Fy(2) = PO > 2) = e /2 (2 + 1) (34)
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Algorithm. VI

Torpa

P(L > 2) ~0.264,
P(L > 3) 22 0.080, (36)
P(L > 4) 2 0.019.

Based on these values, the number L = 4 can be considered
clearly redundant, i.e., take L' = 3. To obtain unbiased
estimates of the non-dispersive parameters of the model, we
select L' = 1.
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Algorithm. VII

A single application of the algorithms of levels |-IIl is one iteration.
If, according to its results, the sample has decreased, in the next
iteration there is a new solution to the problem for the remaining
sample, i.e., algorithms of levels | and Il are executed. Then the
algorithms of level Il are applied again. The shutdown occurs when
exceptions are no longer needed in the next iteration
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Masers with trigonometric parallaxes.

Since about 2007, a number of groups have been intensively
engaged in measuring trigonometric parallaxes and the
corresponding movements of maser eruption sources associated
with massive star formation regions. Radiation (interferometry with
an ultra-long base) of masers is carried out at a methanol frequency
(CH30H) 12 GHz, H20 22 GHz, Si0O —

A new type of reference objects: masers with trigonometric
parallaxes to distances of ~10 kpc with 3D velocities.

Application of the kinematic method to masers.

Reid+ (2009): N = 16, Ry = 8.4 £ 0.6 kpc.

Reid+ (2014): N = 80 out of 103, Ry = 8.34 % 0.16 kpc.
Rastorguev+ (2017): N = 131, Ry ~ 8.24 £ 0.12 kpc.
Reid+ (2019): N = 147 from ~200 HMSFR masers,

Ry = 8.15 + 0.15 kpc.
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Data. Il

VERA Collaboration et al. (2020): N = 224, SFRs and RSG masers
from VERA and Reid+ (2019) catalogs,
RO =792+ 0'16stat. + 0.3Sy5_ kpC

This paper.

From maser sources, the HMSFR class masers are of the greatest
interest for studying the kinematics of the Galaxy as a very “cold”
subsystem of a thin disk with absolute distances, moreover,
characterized by small parallax uncertainties even for large
heliocentric distances (Nikiforov & Veselova, 2018b). To obtain a
sample of HMSFR measurements, we used the catalogues in Reid+
(2019), VERA+ (2020), supplementing them with new data from
the literature: Xu+ (2021), Sakai+ (2021), Bian+ (2022),
Mai+(2023), Hyland+ (2023), Hyland+ (2024). Total data for 280
masers. The full sample of HMSFRs: N = 210.
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RES

Final sample. L' =3: N =201, L' =1: N = 197;
Nne = 3.

n Ro wo A (170 (Yo} we OR [ox] oz

1] 7698 2794 1383 514 1806 812 936 636 345
012 4024 £0.19  £1.00 +£0.90 4052 992 4091 +9%
2| 7.965 2873 1434 607 1340 823 681 6.67 3.48
0128 40.23 4020 +0.88 +1.01 4+0.52 95T 08T +0.65
3| 7881 2843 1545 6.09 1555 822 7.13 464 3.46
to11® 4022 +0.23 +0.86 =+0.92 4052 *933 *t0-84  +0.64
4| 7879 2843 1544  6.09 1558 822 7.5 460 3.44
Tonis  #022 fo5 086 £096  +0.52 0T ToRg 1o
5| 7.885 2838 1558  6.06 1596 822 7.8 456 3.44
To13: 4023 +0.33  +0.86 18 +0.52  FoE o8 ool
6| 7.887 2838 1599  6.06 1575 822  7.13 465 3.45
Toiis 4+0.23  +046 +0.86 Tiig  +0.52  F9E3 FO86 ool
7| 7.87 2792 1619 583 1857 822 722 421 343

+0.15 +0.26  *95%  *tOES 4180 452 OS5 tO8 4062
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Results. |l

n 02 03 04 05 O 07
1
2| -1.95

+0.22

3| -1.34 1.036
0.145

+0.20 0170

4| —-1.31 1.02 —0.014

+0.22 +0.166
+0.39 —0.20 —0.158

5 —09 140 —-0.182 —-0.191
+0.51 +0.44 40172 +0.170

—0.45 —-041 0191  —0.183
6| —1.41 248 0.70 -0.90 —0.70
0.82 0.82 0.65 0.61
Toss 092 TO5S 063 105
7 3.70 5.5 -6.36 —6.97 493 6.0
1.62 1.58 1.70 3.1
T1le %12 +2.1 56 Tl i
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Results. 11
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Results. IV
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Results. VI
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Results. VII
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Results. VIII
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Results. IX
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Results. X

Ro wo A U@ (o) We OR o oz
1] 7698 2794 1383 5.4 1806 812 936 6.36 3.45
012l 4024 4019  +1.00 +0.90 4+0.52 992 +0.91 F5
2| 7965 2873 1434 6.07 1340 823 681  6.67 3.48
0128 10923 4020 40.88 +1.01 +0.52 F95T +0.8T 4065
3|7881 2843 1545 6.09 1555 822 7.13 464 346
o119 4022 +0.23 +0.86 +092 +0.52 983 084 +0.04
4| 7.879 2843 1544  6.09 1558 822 7.5 4.60 3.44
Toaie #0220 EO5 £0.86  £096 052 (0T T0% 10
5| 7.885 2838 1558  6.06 1596 822 7.18 4.56  3.44
Toafs £023 0 £033 £0.86  Iygd  £0.52  KOT TORE 1O
6| 7.887 2838 1599  6.06 1575 822 7.13 465 3.45
013 4023 +046 +0.86  T1is +0.52  FoE3 086 ool
7| 787 2792 1619 583 1857 822 722 421 343
+0.15 4026 1959 1085 T30 4gpp 1085 4085 4064
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Results. XII

n 0() 91 (9@ we

1]2151 028 2332 30.29
oo +035 T35 +0.22
2| 2288 0.04 2422 30.41

+3.6 +0.35 +3.6
—4.2 —-0.17 —-4.3 +0.21

32240 -249 2396 30.40
3.9 4.0

T3 047  f39  +0.20

42240 —246 239.5 30.40

+4.0 f98 +40  £0.20

o | 2240 —-2.64 240.2 30.45

+5.3 +0.83 +2.5 +0.05
—4.7 —0.84 —1.9 —0.03

I. I. Nikiforov 4D modeling of the kinematics of a Galactic subsystem



Results. XIII

N DML' Rg wo A ue ) we OR 2 S 0> 03
km/s km/s km km km km km km km/s km/s
(ko) () (e) () () ((2) (o) (') (%) (85) (85)
210 3D — 8.317 28.43 1482 3.47 16.41 827 2036 1579 480 —1.83 1.16
0.140 1.92 1.49 1.49 0.66 .
o lse £0.39 £0.41+1.71 T192 +o.57 108 FIae 089 +0.32 +0.20
210 4D — 7.935 283 1577 621 160 836 11.06 48 410 —1.29 1.30
+0.123 0.26 +1.04 +0.73 +0.65 0.22 +0.18
—0.120 +0.2 t0425 —1.07 +1.0 £0.54 —0.83 +0.9 —0.64 t0.23 —0.17
201 4D 3 7.897 28.46 1556 6.43 1567 832 7.13 4.64 3.45 —1.30 1.00
+0.116 +0 93 +40.52 +0.83 +0.84 +0.64 +0.20 +0.14
—0.113 +0.22  £0.2240.85 94 —0.53 —0.77 —0.85 —0.65 —0.21 —0.13
197 4D 1 7.881 28.43 15.46 6.09 15 55 8.22 (7.13) (4.64)(3.45) —1.34 1.03
0119 40.22  +0.23 £0.86 +0.92 +0.52 +0.20 +0.14
197 3D — 8.370 28.34 14.63 2.90 16.83 8.05(17.54) (14.95) (3.85) —1.76  1.07
0130 4+0.36 40.40 +£1.57 +1.80 £0.54 +0.31 +0.20

The second column “DM”

account).

indicates the dimension of the method: “3D” means that
catalog values of parallaxes were used (parallax errors were not taken into account);
“4D" means that the reduced parallaxes were found (parallax errors were taken into
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Results. XV
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Conclusions. |

@ An algorithm for spatial-kinematic modeling of a homogeneous
planar subsystem of Galaxy objects in a three-dimensional
velocity field has been developed and implemented, taking into
account random errors of heliocentric distances.

@ It is shown that the omission of random parallax errors leads
to significant biases for parameters, in particular, to an
underestimation of the distance from the Sun to the center of
the Galaxy Rg by ~0.4-0.5 kpc.

© An estimate of Ry = 7.88 £ 0.12 kpc (HMSFRs sample,

N =197, n, = 3) is derived, which is currently the most
statistically and systematically accurate of the estimates
obtained from maser sources.

@ It is shown that the uncertainties of maser parallaxes indicated
in the catalogs are overestimated by about 1/5.
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Supplement

AKTyanbHble 3aga4u.
o [lanbHeiiwee coBepLUeHCTBOBaHNE MeTOAA.

@ [lononHeHune basbl AaHHbIX O Ma3€pHbIX UCTOYHUKAX N
N3y4eHne nx noacucTem B [anakTuke.

o [NpyumeHeHue K gpyruMm TUnam ONOPHLIX 06BHLEKTOB (u,ecbem,u,bl
n ap.).

o KunemaTtuueckas kanmbposka hOTOMETPUYECKNX LKA
PacCTOSIHWIA 1 UCNpPaBJIEHNE CUCTEMATUYECKNX OLINBOK
N3MepeHnii Napaanakcos.

@ B nepcnekTuge: Bknag B pewenne npobiembl npupoasl
CnupanbHOIl CTPYKTYpbl [anakTukm.
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